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Abstract

We propose a multilevel cooperative search algorithm to compute upper
bounds for Cy(v, k,t), the minimum number of blocks in a t — (v, k, \) cov-
ering design. Multilevel cooperative search is a search heuristic combining
cooperative search and multilevel search. We first introduce a coarsening
strategy for the covering design problem which defines reduced forms of an
original t— (v, k, \) problem instance for each level of the multilevel search. A
new tabu search algorithm is introduced to optimize the problem instance at
each level. Cooperation operators between tabu search procedures at differ-
ent levels include new re-coarsening and interpolation operators. We report
the results of tests that have been conducted on 158 covering design problem
instances. Improved upper bounds have been found for 29 problem instances,
many of which exhibit a tight gap. The proposed heuristic appears to be a
very promising approach to tackle other similar optimization problems in the
field of combinatorial design.
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1 Introduction

At — (v,k,\) covering design is a pair (X, S), where X is a set of size v,
called points and S is a set of k-subsets of X, called blocks, such that every
t-subset of X is contained in at least A blocks of S. Let Cy(v, k,t) denote the
minimum number of blocks in any ¢ — (v, k, A) covering design. A ¢t — (v, k, \)
covering design is optimal if it has C\(v, k, t) blocks [21]. The covering design
problem is the problem of determining the value of Cy(v, k,t). The cover-
ing design problem has applications in lottery design, data compression and
error-trapping decoding [7].

The value Cy(v, k,t) can be determined using exact search algorithms.
In the worst case, an exact algorithm will have to test O((}) b) combinations
of b blocks, which is prohibitive for all but a few set of parameters. For
most parameters, only upper bounds for Cy(v, k,t) are known. Research on
improving upper bounds for C\(v, k,t) relies on different approaches [18],
including search heuristics [23, 24].

In this paper, the problem of finding new upper bounds for Cy(v, k, t) is
modeled as a global optimization problem. Assume b is an integer strictly
smaller than the best known upper bound for Cy(v,k,t). We seek a t —
(v, k, A) covering design with |S| = b blocks by minimizing a penalty function
defined in terms of the number of t-subsets not covered at least A times in
a given set of b blocks [24]. A set of b blocks is an optimal solution if all
t-subsets are covered at least A times.

We introduce a multilevel cooperative search heuristic for computing op-
timal solutions for the above penalty function. Multilevel cooperative search
[29] borrows from cooperative search and multilevel search. Cooperative
search [6] is a set of independent search procedures exploring concurrently
the solution space of a problem instance. Cooperation takes place when a
search procedure gives away information about its best solutions and another
procedure adapts its search trajectory based on this information.

Multilevel search is an adaptation of multilevel methods for numerical
approximation [3, 4] to global optimization [30]. The multilevel search frame-
work can be described as followed: During the coarsening phase, a original
problem instance Py with solution space &, is projected into smaller prob-



lem instances P, P,,... , P, by reducing, recursively, the number of decision
variables with respect to F,. The projection is such that the search spaces
S1,8, ... ,8; induced respectively from problem instances Py, Py, ... , P, sat-
isfy the relation §; C §;_1 C -+ C &1 C &y. During an initial search phase,
a search heuristic optimizes problem instance P, and the best solution .S;
is remembered. During the refinement phase, solution S; is computed for
problem instance P; by interpolating the values of its decision variables from
a best solution S;,; of problem instance P, ;. The interpolated solution S;
serves as initial solution for a search procedure optimizing problem instance
P;. The refinement phase interpolates and refines feasible solutions until the
values for the decision variables of a solution Sy can be interpolated from a
best solution for P;. This last interpolation provides an initial solution to a
search heuristic optimizing problem instance Fj.

In multilevel cooperative search, the concurrent exploration of solution
space Sy by independent search procedures is restricted to search spaces
S1,99,...5;. Our multilevel cooperative search heuristic for covering de-
signs is as followed: Let (X ) denote the set of all k-subsets in X. Assume

k
Ay, Ag, ..., A are subsets of (X) such that A; C A, ;1 C --- C A; C Ay =

k
(f) Let Sp = {S C ()k()||5| = b} be the solution space when searching for
at— (v,k,\) covering design with b blocks. Assume S; = {S C A;||S| = b}
is the search space induced by set A;, ¢+ > 0. Solution space Sy and search
spaces S1,Sa,...S; are optimized concurrently and independently by tabu
search procedures. Two categories of operators support cooperation among
the search procedures. Interpolation operators regularly re-initialize tabu
search optimizing &; with a best solution F; € S;, j > ¢. Re-coarsening
operators copy the blocks belonging to a best solution E; € §; into sets
Aiv1, Ao, ..., A;. Each re-coarsening operation based on a solution E; can
potentially re-define search spaces S;11,S;12,...,S;-

The penalty function we apply to find covering designs arises directly
from the definition of the covering design problem. At least two aspects
of this cost function are challenging to neighborhood search heuristics like
tabu search. One is that solutions “closed” to each other in any reasonable
neighborhood structure often have similar cost, forming large plateaus which
offer poor guidance to explore the solution space of problem instances. Sec-
ond, given a solution S of b blocks, up to v! isomorphic solutions with same
cost can be obtained by permuting the points in the b blocks of S. When a
solution S is a local optimum, the other solutions from the same permuta-



tion group can constitute a spectacular barrier to local search heuristics on
their way toward unexplored and cost improving solutions. In our multilevel
cooperative search heuristic, we conjugate tabu search, interpolation and re-
coarsening operations to provide favorable conditions to the optimization of
this penalty function by local search. Re-coarsening operations fill each set
A; with blocks from best solutions of all search spaces. Next, search focalizes
on finding combinations of b blocks among the blocks from best solutions.
This locality of the search centered around a set of best solutions provides
in turn, through interpolation operations, guidance to explore solution space
So as well as search spaces S; to §; 1. Focusing search on a small set of
blocks make the exploration less prone to visit regions in a same permuta-
tion group. Finally, interpolation operations provide an escape way to search
when trapped in plateaus of the cost function.

The contributions of this research are the following: A new heuristic
method is introduced to compute covering designs. Numerical results are
very encouraging and significant considering 1- the number of problem in-
stances for which new upper bounds have been found; 2- the small gaps
between lower and upper bounds of many of the problem instances. We
describe a mathematical programming formulation for computing covering
designs and introduce a coarsening strategy for this combinatorial optimiza-
tion problem. We experiment with a completely new re-coarsening operator
which intensifies search of each problem instance in regions spawn by a few
best solutions from different search spaces. A variation of the interpolation
operator addresses more directly plateaus in the cost function. Finally, we
propose a new tabu search heuristic for covering designs. Tabu search [14, 15]
is a well known search heuristic technique which has been applied to a broad
range of combinatorial optimization problems. A successful multilevel coop-
erative search algorithm needs a good search heuristic. Experimental results
show the tabu search procedure is competitive with a simulated annealing
procedure that has been designed for the covering design problem.

The subsequent sections of this paper are organized as follow. Section
2 provides background information on the covering design problem and the
combinatorial optimization model for our search algorithm. In section 3,
we describe our coarsening strategy for this optimization problem. Section 4
details our cooperative multilevel tabu search algorithm and Section 5 reports
experimental results. Finally, we conclude in Section 6.



2 Background

In this section, we first provide a short background on covering designs. Next,
we introduce an integer programming formulation for covering designs and
a neighborhood structure for the tabu search heuristic. Finally, we model
the typical behavior of search heuristics for covering designs given the cost
function and neighborhood structure proposed in this paper.

2.1 Covering designs

The study of covering designs began around the end of the 1930’s. Turdn
(see [7]) was one of the first researchers to study covering designs. Since
then, many researchers have studied covering designs from various directions.
One such direction is the determination of C) (v, k,t) by means of computer
programs. Because the exact value of C) (v, k,t) has been computed only for
small set of values for v, k, t and A, most research on covering designs has
focused on determining the upper and lower bounds for Cy(v, k,t). In this
section, we briefly describe some important results about the lower bounds
and upper bounds for C)(v, k, t).

The Schénheim lower bound (Ly (v, k,t)) [27] provides a lower bound for

Cx(v, k,t) given by:
v iv—1 v—t+1
— < .
[k [k—l [k—t—i—l)\-‘ H < G, k1)

This bound is a very good general lower bound for Cy(v, k,t). For many
values of v, k, and t where C)(v, k,t) is known, L, (v, k,t) attains the value
Cx(v, k, ) [22].

In 1963, Erdés and Hanani [12] conjectured that for fixed values of ¢ and
k, where t < k.

Ly(v,k,t):

- Ci(v,k,t) (%)
nmoe ((Y)

This result was shown to be true in 1985 by R&dl [26], using probabilistic
methods. This result implies that C(v, k,t) = (1 + 0(1))%.
t

=1

Various techniques have been used to construct covering designs [16].
One of the earliest constructions involved using finite geometries to construct
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covering designs. For example, it has been found that the hyperplanes of the
affine geometry AG(t,q) form an optimal (¢*,¢" !, t) covering design with
qt;_ll_q blocks. Another common approach is to use recursive techniques for
constructing covering designs. That is, using smaller covering designs to
construct larger covering designs [23]. For example, if Sy isat— (v—1,k,\)
covering design and Sy is a (t — 1) — (v — 1,k — 1, \) covering design, then
at— (v,k,\) covering design can be constructed by taking all blocks from
So with adding a new point v to all of these blocks and including all blocks
from S;.

Exact search methods have also been used to construct covering designs.
Bate [2] developed a backtracking algorithm to exhaustively search for gen-
eralized covering designs to determine C)(v, k,t). In 2003, Margot [20] used
integer programming techniques, branch-and-cut and isomorphism rejection
to design an algorithm for computing C) (v, k,t). However, such algorithms
are effective for only a few set of parameters.

2.2 Problem formulation

Let (Z) be the number of k-subsets in ()k( ) An integer programming formu-
lation in (Z) integer decision variables is used for the problem of finding a
covering design with b blocks for ¢t — (v, k, \). Each decision variable d; in the
formulation corresponds to a member s € (). The domain of the decision
variables is the set {0,1,...,b} of integers. The value of decision variable dj
represents the number of times the corresponding block s € ()k() is included
in the set S of b blocks.

Let ()t( ) denote the set of t-subsets and assume ¢ < k. Then there are (;’)
members in ()t() The cost ¢(S) of a set S of b blocks is defined in terms of
the difference between A and the number of times a t-subset is covered by
blocks in S. This difference is summed over all the t-subsets:

o(S) = Y max{0,A— ) di(yCs)} (1)

ve(%) se(%)

When ¢(S) = 0, then all t-subsets are covered at least A times, indicating
we have discovered a t — (v, k, \) covering design with b blocks. The integer



programming formulation is as followed:

min Zye(’f) max{0, A\ — Zse(’,g) ds(y C s)}
subject to: (2)
ds € {0,1,...,b}

21(5)1 di=b

In this paper, we refer equivalently to a set S of b blocks as a feasible
solution to the above mathematical programming formulation. Similarly, the
solution space S of integer vectors, as defined in (2), is expressed in terms of

sets of blocks in ()k() as followed:

S={Sc <)k(>||5|=b}. (3)

2.3 Neighborhood structure

The set A (S) such that A'(S) C S represents the neighborhood of solution
S € 8. To compute N(S), a mapping function selects m points among the
k points of a block s € S and replaces these points by m other points from
the v — k points not belonging to s. A solution S’ is a neighbor of S, denoted
S" e N(S), if S" has b—1 identical blocks with S and one block which differs
by exactly m points. The size |V (S)| of the neighborhood N (S) is constant
for all solutions S € & and is given by

\N(S)|:bx<:1> ><<”T_nk>. (4)

The value of m is constant and ranges in 1 < m < min(k,v — k). Each
value of m defines a neighborhood structure among the solutions of S. In the
present research, the neighborhood structure of solution space Sy is defined
by m = 1.

2.4 Neighborhood search heuristics

Neighborhood search is a local search heuristic in which search steps proceed
according to a neighborhood structure. In the context of a neighborhood
search, N'(S) is a set of candidate solutions from which a solution is selected
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before initiating the next search step. A pivoting rule determines which
solution S" € N(S) is to become the current solution of the next search step.
For example, in this paper we use the following pivoting rule:

S = min{c(S") | 8" € N(S)}. (5)

In this pivoting rule, the selection of the next current solution is strongly
biased by the cost function. This is typical of neighborhood search heuristics.
When neighborhoods are small, each search step can be computed efficiently.
Iterations of the search steps, under the guidance of the cost function, usually
drive the exploration towards good sub-optimal solutions in small polynomial
time. However, for different reasons, there are cost functions which cannot
be optimized efficiently in this local search scheme.

Without lost of generality, assume A = 1 and let ug(s) be a function
returning the number of ¢-subsets covered exclusively by a block s € S (a
t-subset is covered exclusively by a block s of solution S if it does not appear
in any other block of S). Let s,s" be a pair of blocks such that s € S,
s' ¢ S and blocks s, s’ differ by exactly one point. According to (2) and
the neighborhood structure in Section 2.3, the cost ¢(S’) of each candidate
solution S" € N(S) is the difference between the number of ¢-subsets covered
exclusively by s € S and the number of ¢-subsets covered exclusively by
s'eS\s:

c(S") = ¢(S) + us(s) — us(s'). (6)

The execution of the pivoting rule in (5) will exchange in S the pair of blocks
s, s' which minimizes the cost differential ug(s) — ug(s’).

When the current solution S of the initial search step is obtained by
selecting randomly b blocks, we observed that for several search steps, the
pivoting rule finds pairs of blocks s, s’ such that ug(s) — us(s’) < 0. But
sequences of improving search steps are not typically occurring while opti-
mizing the cost function (2). Let S be the set of blocks s’ ¢ S such that
s' € S differs by exactly one point with at least one block in S. Each time
a cost improving search step occurs, a block s’ € S is substituted by a block
s € S which covers exclusively only few ¢-subsets with respect to the current
solution S. Each cost improving search step introduces in S a block which
covers few blocks exclusively. When all blocks s’ € S are such that ug(s')
is small, minimizing the cost differential ug(s) — ug(s') forces the pivoting
rule to select a block s € S for which ug(s) is small. Then, search steps are
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executed with pairs of blocks s, s’ such that ug(s) and ug(s') are small, and
where the cost differential ug(s) — ug(s’) is either zero, a small positive or
a small negative value. This yields the characteristic plateaus in the explo-
ration of the cost function, where search steps have little consequences in the
cost of the next current solution.

Search is kept in plateaus by dominant blocks s € S which have the largest
us(s) values and, consequently, cover exclusively many ¢-subsets. Dominant
blocks are unlikely candidates to leave the current solution. However, some
must be removed from the current solution in order to extract the search from
a plateau of neighbor solutions having similar cost. A common approach to
address this problem is to perturb the current solution beyond the perturba-
tion created by the pivoting rule. For example, one can replace randomly a
subset of blocks in the hope that some dominant blocks will be replaced by
blocks that do not cover exclusively many t¢-subsets. This strategy effectively
extracts search from the current plateau where it is trapped. Unfortunately,
it also destroys information about the search history and does not provided
any guidance about re-initializing search in a region of the solution space
where cost improvements can be made.

Our penalty function for covering designs is difficult to optimize by local
search. Given a neighborhood structure where the size of N (S) is kept
reasonably small, the gradient of the cost function is either null or change
sign rapidly. Guidance from the cost function is ineffective. In this paper,
we use interpolation operations to assist the cost function by punctually re-
initializing the search.

3 Coarsening procedure

In the first phase of any multilevel search algorithm, the original problem in-
stance P, is projected into smaller problem instances which approximate F.
There are at least two general strategies to realize this projection or coars-
ening of the original problem. The clustering approach consists of mapping
decision variables of P, into clusters. Decision variables that are mapped to
the same cluster have the same value. Clustering strategies have first been
proposed for graph partitioning problems [1, 5, 19]. Figure 1 illustrates this
coarsening strategy. For P,, nodes represent the original set of decision vari-
ables. For P; and P», nodes are clusters of decision variables from the next
lowest level.
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Figure 1: Coarsening based on clustering

For several combinatorial optimization problems, coarsening by clustering
decision variables is hardly applicable. In [8], a coarsening strategy is pro-
posed in which projection operators fix the state of some decision variables
in the coarsened forms of the original problem. A decision variable is fixed if
its value cannot be changed during the subsequent search phases. In Figure
2 below, nodes of P, represent the decision variables of a original problem
instance. All decision variables are free. In P; and P,, empty nodes and a
black nodes represent decision variables which are fixed respectively in state
0 and state 1. Problem instances P, and P, are coarsened versions of P,
because they have fewer free decision variables.

P2 cee @0 €00 OO eG® OO® €00 080 O0OeO
PI cee ee0 ee0 060 ee® OCeoe® €60 060 06O
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Figure 2: Coarsening based on fixing the state of decision variables

Our coarsening strategy for the problem formulation in (2) fixes to 0 the
state of some decision variables. When the state of a decision variable d; is
fixed to 0, the corresponding block s € (%) cannot be included in solution S.

Fixing the state of decision variables to 0 is equivalent to reduce the set ()k()
to a set A; C (f) from which blocks can be included in S. The recursive

application of this coarsening procedure yields sets of blocks Ay, A, ..., A,
such that:
X
AlCAl_1C"'CA0=<k). (7)

A set of block A; defines an instantiation P; of the problem formulation in
(2) consisting to find a set of b blocks belonging to A; such that the number
of t-subsets not covered at least A\ times is minimized.

The algorithm implementing this coarsening strategy represents sets Ay
to A; using a single data structure, an integer array M of size (}). Initially,
all entries of M are set to 0. Then, |A;| entries in M are selected randomly
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and are assigned the value 1. Next, |A| entries among those with value 1 are
selected randomly and assigned value 2. This procedure is applied recursively
on set A; to compute set A; 1 until |A4;| entries of M are assigned value .

The number of blocks assigned to set A; is based on the coarsening factor
cf. This coarsening factor is function of the total number of blocks (Z) in the
original problem instance, the number of levels (I + 1) and the cardinality of
the smallest set A;. The coarsening factor cf is computed as followed:

(WAl x+)
of = (+)xLi (8)

The value cf expresses the difference between the number of entries in M
which are assigned adjacent values ¢+ and ¢ + 1. The number of entries in M
receiving the same value 7 is given by

()
> (ML) = i) = |4 + (- ) x cf. ©

Definition 1 A block s “belongs strictly” to A; if M[s] = i.

Each block s belongs strictly to exactly one set A;. The number of blocks
that belong strictly to set A; is given by equation (9).

Since A;; 1 C A;, the blocks belonging strictly to sets A; 11, Ao, ..., 4;
are also members of set A;.

Definition 2 A block s “belongs” to set A; if M|[s] > i.

The number of blocks that belong to set A; is given by
(x)

[Ail =Y (M[j] > i) = (1-1+1) x |4 +

j=1

(-1 —-i+1)
2

xcf. (10)

With respect to the integer programming model in (2), a decision variable
ds is considered to be a fized decision variable at level i when M(s] < i. A
decision variable d; such that M[s] > i is a free decision variable at level
i. Free decision variables at level ¢ defined an instance of (2). The search
space S; at level 7 is S; = {S C A; such that |S| = b}. Given A, C A,
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recursive coarsening induces a hierarchy of increasingly smaller search spaces
81,8, ...,8; of § such that

SCS.C---CECSp. (11)

Given (11), each solution S € §; is also a solution of S; 1,S; o,...,8p. Each
search space S; overlaps completely with the solution space Sp.

Recursive coarsening also induces a set of neighborhood structures N; on
Sy. The neighborhood of solution S in N is defined as:

Ni(8) = { S, S'e S and S € No(S). (12)
From (11) and (12), it follows that if S € S; then the neighborhood of S in
81'_1, 82'_2, ce ,80 is such that

Ni(8) € Nioa(8) € -+ S No(5). (13)

4 Search and cooperation operators

This section introduces our tabu search heuristic for computing covering
designs. We also describe the interpolation and re-coarsening operators of
this multilevel cooperative search algorithm.

4.1 Tabu search

Our tabu search heuristic exhaustively evaluates the cost of all neighbors
S" € N;(S) of the current solution S and selects the next current solution
according to the pivoting rule of equation (5). Two tabu lists prevent short
term cycling of the search steps. A first tabu list prohibits the reversal of
recent moves. A move (s’ — s) brings block s’ into the current solution
S and removes block s from S. The first tabu list prohibits the opposite
move (s — s') by storing move (s — §') in the tabu list. In order to control
situations where (s' — s)(s = t)---(t = §')(s' — s), the move (s’ — s) is
also stored in this first tabu list. A second tabu list disallows block §' from
leaving S for a pre-defined number of iterations after entering S. This second
tabu list has greatly improved the performance of our tabu search heuristic.
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The length of the two tabu lists varies randomly in a certain range. This
range is determined by an input parameter t. For example, the length of a
tabu list can be selected randomly to be one of the values in the interval ¢ —2
tot+ 2.

The second tabu list imposes strong limitations on the exploration of the
solution space, and therefore it is kept very short. Furthermore, the second
tabu list supersedes the first one. That is, if s’ is prohibited from leaving S
following a move s’ — s, then the opposite move s — s’ cannot occurred. On
the other hand, our penalty function has many local optima which are a few
moves away from each other. It is preferable to remember several previously
visited solutions. Given the first tabu is less constraining on the search, we
usually set ¢; which determines the interval of the first tabu list as twice the
size of t5, which determines the interval of the second tabu list.

Each tabu search step has to compute the cost of each candidate solution
in the neighborhood N(S). To speed-up this computation, neighbors of each
solution S € § and respective cost are stored in tables. Computing the cost
of N(S) is reduced to fetch O(N(S)) entries from these tables [24]. The
mapping function in [28] is used to rank the (}) blocks and to index the
tables.

The termination criterion for the tabu search heuristic is a pre-defined
number of iterations without improving the best known solution. The ter-
mination criterion is an input parameter. Pseudo-code of our tabu search
heuristic is provided in Figure 3.

tabu_search(initial_solution)

E = S = initial_solution;

while (tabu search stopping criterion not satisfied) do
S =5"e€ N(S); (9 is the best solution in the neighborhood of S)
update tabu lists;
if (¢(S) < ¢(FE)) then

E =5,
return £

Figure 3: Tabu search heuristic for covering designs
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4.2 Re-coarsening operator

According to relation 11, the search space S;.1 is a sub-space of S;. Given
that &;11 is smaller than S;, we can draw the conclusion that S;y; is easier
than S; to search. We also note that searching S;; is equivalent to explore
regions of §; which are overlapped by the search space ;1. The purpose
of the re-coarsening operator is to modify the original projection of P; into
P, ;1 (denoted as P, N P; ;1) such that the induced search space S;;; over-
laps with the best solutions of §;. The end goal is to use the easiness of the
search in §;4; to discover the best solutions in §;. To obtain a better overlap-
ping, the re-coarsening operator uses the cost function as a parameter in the
projection P; & P,,,. Figure 4 illustrates one possible implementation of a
re-coarsening procedure. The cost function parameter in this projection is a
set of decision variables which have the same state among the best solutions
of P;. In Figure 4, solutions Fy 1, Fy o and E, 3 are best solutions of F,.
Decision variables which appear in the same state in all 3 solutions of P, are
fixed in this same state in the definition of problem instance P, replacing
the previous set of fixed decision variables. This re-definition of P; induces
a new search space &;. The new search space §; overlaps with the regions of
the solution space Sy where the state of the decision variables is the same as
the set of fixed decision variables in &;,.

OldP; GSae

NewPp @06 0ee ©00 €60 @ece 0OcGe ©600 60 ©eO0
Re-coarsening
P eee o060 ©06 ©060 ©6066 ©6066 ©666 ©666 ©66

E-iec e [ON Ne©) 00O © OO e 00 [OON [ON Ne©) ® e 0 [ON Ne)

Eb-2 @00 [ON Ne©) OO0 e OO0 eOe cee ® 00 ® OO0 [ON N

Eb3ec e coCe 00O e 060 o 00 coCe [ON Ne) ® e 0 ® e 0

Figure 4: Illustration of the re-coarsening concept

The re-coarsening strategy in the present multilevel cooperative search
algorithm has a slightly different objective. A best solution E; € S; is used as
a parameter in the projections P; N Pi,P N Po ..., P4 RN P,. This
in turn means that each problem instance P; is re-defined by the best solutions

13



Ey, Ey, ..., E;_, of problem instances Py to P,_;. Obviously, re-coarsening
makes S; to overlap with regions of Sy to S;_; identified by Ey, F1, ..., E;_;.
Most importantly, this re-coarsening strategy intensifies the search at each
level in the small sub-spaces of Sy identified by the set of best solutions in
A;. We now describe the implementation of this re-coarsening strategy.

Assume elite solution Ej; is the current best solution of problem instance
P,. Re-coarsening proceeds in two steps: 1- the blocks of elite solution E; are
copied in set A;; 2- blocks are removed from set A; and copied in sets A; to
set A;_1 to keep constant the cardinality of these sets. For each block s € F;,
the value of M[s] ranges from ¢ to [. In step 1, a block s € F; is copied in A,
by setting the value of M[s| to [. In step 2, for each block s € E; such that
M]s| = g, we select randomly a block s’ € A; and make M|[s'] = g.

0 6 8 10 11 18 32 48 (-1
m (2 ]-Tz o 2 [o[ T 2[~Ta [Tz [-]1]
(@)
Level 2 Level 2
()08 -0 @) | [o(g) @) @) ]
// / LeM / / Level 1
E e e e
/ Level 0 / Level 0
| o @y o | (e) 48) |
(b) (©
0 6 8 10 11 18 32 48 (-1
M2 ][0 ]2 ]2 ]2 ]t [ 2] 0 [ 1
(d)

Figure 5: Example of a re-coarsening operation

Figure 5 illustrates a re-coarsening operation in which an elite solution Ej
from level 0 makes a re-coarsening of sets A; and As. Assume elite solution
Ey contains blocks 8, 10, 11 and 32, which all belong to set Ay. In Ej, blocks
8 and 11 belong strictly to Ay and consequently have value 0 in M. Block 32
belongs strictly to A; and has value 1 while block 10 belongs strictly to A,
and has value 2 (see Figures 5.a and 5.b). After copying Ej into set A,, all
the blocks of Ej belong strictly to Ay (Figure 5.c). In order to keep constant
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the cardinality of sets Ay to Ay, the value of block 18 at level 2 is changed
to 1 and the value of blocks 6 and 48 is changed to 0 (Figure 5.c). Once this
re-coarsening operation is completed, the search spaces &; and S, overlap
with a subset of the solutions in Sy that contain blocks from E,. Figure 6
gives the pseudo-code for this re-coarsening operator.

re-coarsening(E;)
E; = Ej;
while (E! # ()
1. randomly choose a block s € E/;
2. E/=E!\s;
if (M[s] # 1) then

3. randomly choose s’ € A; such that s’ ¢ By UE;_{U---U Ej;
4. M][s'] = M[s];
5. Mi[s] =1;

Figure 6: Re-coarsening operator

Note that blocks that belong to an elite solution are free decision variables.
Re-coarsening operations create new free decision variables. According to
relation (7), once a block s € E; is copied in A; (line 5 in Figure 6), and
s & A;, 1 < j <1, block s becomes a new member of sets A; to A;. The
value of block s in M is changed from M[s| = j — 1 to M|[s] = I. Given that
Mils] > i for alli=0,...,l, the corresponding decision variable d; is a free
decision variable for all levels, including levels 7,7 + 1,... ,l. Re-coarsening
intends to improve search in smaller search spaces by providing the same set
of free decision variables as in the best solutions of larger search spaces.

To keep constant the cardinality of sets A;;; to A;, for each new block s
entering A; such that M[s] = j — 1, a block s’ € A; is selected randomly and
the value of M[s'] is changed from [ to j — 1 (lines 3 and 4 in Figure 6). In
this way, block s’ is removed from sets A; to A;. Given that M[s'] = j — 1,
we have M[s'] < i for levels 4, i« = j,7 + 1,...,l. The corresponding free
decision variable dy at level [ is changed into a fixed decision variable for
levels j to .
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4.3 Interpolation operator

An interpolation operation uses a best solution S; from the search space
S; to compute an initial point S; for exploring search space S;, j < ¢. In
general, there are more decision variables at level j in comparison with .
In order to compute an initial point in search space S; from a solution in
S; which has fewer decision variables, we have to interpolate values for the
decision variables of problem instance P; that do not exist in problem instance
P;. Interpolation is dependent on the coarsening strategy. Given that our
coarsening strategy is to fix to 0 the state of some decision variables, the
interpolation operator simply copy the value of each decision variable in S;
from the corresponding fixed or free decision variable in S;.

4.4 Multilevel cooperative search algorithm

We are now ready to describe our multilevel cooperative search algorithm for
the problem of finding improved upper bounds to C (v, k,t). This algorithm
is summarized in Figure 7. The concurrent optimization of problem instances
P, to P, is achieved by a decomposition of the search into consecutive cycles.
For each cycle, tabu search is run at each level together with the execution
of the cooperation operators. We distinguish between two types of cycles
according to the primary cooperation operator in action during the cycle:
search cycles (Figure 8) and interpolation cycles (Figure 9). The rest of the
pseudo-code in Figure 7 describes the other phases of the algorithm: Line
1 refers to the coarsening phase where problem instances P, P, ..., P, are
generated. The for loop of line 2 controls the initialization of the search at
each level. In line 3, an initial solution S; for level 7 is computed by selecting
randomly b blocks from A;. In line 4, a first elite solution E; for level 7
is obtained by executing tabu search until it satisfies its stopping criterion.
At regular intervals, search at level [ is restarted (line 12). Variable j in
Figure 7 stands for the overall cycle index of the multilevel cooperative search
procedure.

4.4.1 Search cycles

The purpose of search cycles is to optimize newly defined problem instances
P, to P, following re-coarsening operations. Three short consecutive search
cycles are performed (line 7 in Figure 7). For each search cycle j, a tabu
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Multilevel cooperative search algorithm( )

1. run the coarsening procedure;

2.for (i =1;i>0;i——)

3. generate a solution S; by selecting randomly b blocks in A;;
4. E; = tabu_search(S;);

5.7 =1;

6. while (multilevel termination criterion not satisfied)
7. if (j mod 4 # 0)

8. search_cycle(j);

9. if (j mod4=0)

10.  interpolation_cycle(j);

11. if ((jmod 4 =1)&(j # 1))

12.  restart_search(j);

13. j+ +;

Figure 7: Multilevel cooperative search for covering design

search procedure at each level 7 is initialized with elite solution EZJ ~! of level
i from the previous cycle 7 — 1 (line 2). Once a search cycle is completed,
the re-coarsening operation copies the blocks from elite solution E; into A
(line 7). (Note, search proceeds from level [ to level 0 such that the re-
coarsening operation at level 7 in the current cycle j does not re-defined
problem instances P;y; to P, before the are explored during cycle j).

Search cycles explore more intensively regions of each search space S;
which are spawn by blocks belonging to elite solutions. This situation is
created by the re-coarsening operator and the initialization of search cycles
with elite solutions. This is particularly obvious at level [. Re-coarsening
operations bring in set A; during a same cycle elite solutions from levels
0 to I — 1. The size of A; is usually small enough such that blocks in A
belong mostly to elite solutions. Therefore, the search space §; is spawn
largely by elite solutions. Solutions in &; combine blocks from different elite
solutions, and search steps in S; explore these re-combinations guided by the
neighborhood structure N at level .

Search at levels 0 to [ — 1 goes potentially through three different phases.
In the first phase (line 2, Figure 8), tabu search explores the whole search
space S; according to neighborhood structure Nj;. In the first phase, search
is largely driven by elite solutions. Obviously, blocks which do not belong to
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search_cycle(j, exploration_factor)
for (1 =10;i>0;i——) do
E; = tabu_search(E/™");
if (i # |) then
if (¢(E;) > ¢(E!™")) then
FE; = restricted search at level ¢;
E; = tabu_search(E;);
else
E; =tabu_search(E;);
if (c(BE;) < ¢(E!™") + exploration_factor) then
0. re-coarsening(E;);
11. else re-coarsening(FE/™');

2 © 0NS ok W=

Figure 8: Search cycle

any elite solution are included in the current solution S; in some search steps.
However, these blocks tend not to stay in S;, and most importantly, when
improving solutions are found in this phase, they are largely recombinations
of blocks from the elite solutions in A;. There is a flip side to this intensifi-
cation of search in regions spawn by elite solutions. To have re-coarsening,
some blocks must not already belong to an elite solution. Otherwise, there
is not enough re-coarsening to sustain a diversified exploration of the solu-
tion space. Consequently, after completing half of the iterations of the tabu
search termination criterion, the cost of the current best solution Ej is com-
pared with the cost of the initial solution EJ’-_1 (line 4). If ¢(E;) < e¢(EIY),
an improving solution has been found, search continues in S; until the tabu
search termination criterion is satisfied at level i (line 8). If ¢(E;) > ¢(E/ 1),
we assume an improving solution is less likely to be found within the cur-
rent cycle at level 7. Then, search enters a second phase called the restricted
search (line 5) where the objective is to find new blocks for re-coarsening.

During the second phase, search steps are based on the following pivoting
rule:

S; = min{c(S})|S; € N;(S;) and M[s'] = i}. (14)

where s’ € S;, the set of blocks that differ by exactly one point with a
block s in S; and M|[s'] = 7 means that blocks s’ belongs strictly to set
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A;. In a restricted search, blocks that belongs to sets A;,; to A4;, including
all the blocks from elite solutions, cannot enter in the current solution S;.
Blocks which enter S; at each search step during a restricted search cannot
be removed from S; for the duration of the restricted search. The restricted
search always starts with E? ~!_ the best solution in cycle j — 1. The number
of search steps performed during the restricted search is smaller or equal to
b.

Usually, restricted search increases substantially the cost of the current
Si. The restricted search is followed by a third phase where search explores
the whole search space S;, any blocks that belong to A; can enter the current
solution S;, including blocks from the elite solutions (line 6). The third phase
always starts with the last solution visited during the restricted search. The
goal of the third phase is to obtain a new elite solution E; which, hopefully,
improves the cost of the initial elite £/ " at level i while in the same time,
keeps a few blocks belonging strictly to A;, ensuring proper re-coarsening of
problem instances. If the best solution E; found in the second or third phase
is such that ¢(E;) > ¢(E] ™), a decision must be made about which solution
between E; and E! ~!is copied in A;. The exploration_factor parameter
guides this decision. E; is the selected solution for re-coarsening if ¢(E;) <
c(EI™Y) +exploration_factor (line 9), otherwise, E! " is sent back in A; (line
11), which provides no re-coarsening.

The design of the re-coarsening operator as well as the sequences of short
consecutive search cycles aims to reduce cycling of the search in same permu-
tation groups or in solutions equivalent in other ways under the cost function.
Search focuses on small sets of blocks and re-combine intensively blocks from
these sets. This is the opposite of a strategy that would have aimed at form-
ing combinations of b blocks from a large set of different blocks. We also
think this is an excellent search strategy for combinatorial design problems
like covering design. Empirical investigations led us to conclude that for the
covering design problem, it doesn’t seem we need a lot of different blocks to
find good solutions. Rather, our observations indicated that computational

efforts should be spent on finding the right combinations among small set of
blocks.

4.4.2 Interpolation cycles

The pseudo-code of Figure 9 describes interpolation cycles. Two types of
interpolation operations are used: interpolation between adjacent levels i+ 1,
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interpolation_cycle(j)

for (1 =0;i<l—-1;i++) do
Interpolate S; from Ef:ll;
E; = tabu_search(S;);
re-coarsening(FE;);

E; = tabu_search(E/');

Interpolate Sy from Ej;

E, = tabu_search(Sy);

re-coarsening(FEy);

®© N OO WD

Figure 9: Interpolation cycle

1 and interpolation between levels [, 0. The for loop of line 1 controls
interpolations between adjacent levels. During these interpolations, tabu
search is run from level 0 to level [ — 1. Search at level 7 is initialized with
a solution S; interpolated from the elite solution Ef:ll of level ¢ + 1 (line
2). Once tabu search has completed a run at level 4, i < [, a re-coarsening
operation is performed using E; which re-coarsen levels ¢ + 1 to [. Note that
changing the coarsening of levels ¢ + 1 to [ has no impact on elite solutions
Ef;ll, Ef;; ,...,E/”'. Finally, at level I, tabu search computes a new elite
solution Fj (line 5) using El] ~! from cycle j —1 as initial solution. At the end
of each interpolation cycle, an interpolation operation is executed at level 0
using E; (line 6), followed by tabu search (line 7) and a re-coarsening (line
8) based on the new elite solution Ej.

The interpolation between adjacent levels works as followed. An initial
solution S; for tabu search at level 7 is interpolated from an elite solution
Eg;ll from level 7 + 1 by setting the decision variables of S; in the same state
as decision variables of Ef:ll. Given S; and Ef;l are a same solution, both
solutions have same cost. According to relation (13), we have N/ (Ef;ll) C
N (S;). Consequently, the cost of the best neighbor in AV(S;) is not worst
than the cost of the best neighbor in A'(E/;}"). Furthermore, search following
interpolation usually improves the cost of the interpolated solution. Since
|A;| > |A;ii1], there are blocks s € A; such that s ¢ A; 1. The cost of Ef:ll
will be improved, if for at least one search step, there exists a block s’ € S
such that s’ € A, ;1 and the cost differential us(S) — ug(S) is smaller than
for any other pair of blocks s, s’ where s’ € A;;;1. If the coarsening factor
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cf is sufficiently large (see Section 3), such block ¢ is likely to be found.
Empirically, we observed that search at level ¢ (line 3 in Figure 9) almost
always yields an elite solution E; at level 7 which cost ¢(E;) improves over
the cost ¢(S;) of the interpolated solution S;. We note finally that when
s & A;11, we also have s’ € A; and consequently s’ does not belong to any
elite solution. In general, elite solutions E; (line 4) have a good re-coarsening
profile because they contain several blocks that do not belong to any previous
elite solution.

For the interpolation between level [ and level 0, an initial solution Sy
is interpolated from the best solution E; € &;. The large difference in the
number of blocks between A; and A, amplifies considerably the observations
made in the previous paragraph regarding interpolations between adjacent
levels. For example, the neighborhood N(Sp) of Sy is much larger than

N (E;). The set Sy of blocks s’ that differ by exactly one point from a block
1

in Sy is much larger than set Elj ~ " at level . As a consequence, the cost
c(Eyp) of the new elite solution at level 0 (line 7) improves considerably on
the cost ¢(Sp). Furthermore, Ey has usually a very rich re-coarsening profile.

Interpolation operations in this multilevel cooperative search play two
roles. As for multilevel search algorithms, interpolation in our multilevel co-
operative search refines the search started a higher levels. But interpolation
in our multilevel cooperative search is also a mean to re-initialize the explo-
ration of search spaces. These re-initializations handle the problems created
by plateaus of our penalty function for covering designs. From experimen-
tations, we determined that after three consecutive search cycles, little cost
improvements were made from re-coarsening problem instances or re-starting
tabu search with different tabu lists. Interpolation operations extract search
from these plateaus. Since re-initialization points are obtained from a com-
plex optimization process, interpolation operations guide the search in re-
gions of the solution space where cost improvements can be made with re-
spect to solutions in the previous plateau. Interpolation operations between
adjacent levels perform this function. Interpolation operations between level
[ and level 0 contribute even more remarkably to cost improvements. Though
re-combinations of blocks at level [ usually produce elite solutions FE; that
have high cost ¢(E;) (because of the small number of blocks in A4;), these
re-combinations contribute in some way to identify regions of the solution
space Sy where cost improvements can be made. Experimentally, interpola-
tions between level [ and level 0 account the largest and the most frequent
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overall cost improvements in our algorithm.

4.4.3 Restart search at level [

After three consecutive search cycles and one interpolation cycle, still search
at level [ has not been re-initialized. We now describe the operator that
re-initializes tabu search at level [. This re-initialization uses a solution
interpolated from a meta-set of blocks called the R set (for “restart” set).
The set R is handled as a special level above level [, though the blocks in R
do not necessary constitute a subset of A;.

restart_search(j);

1. Build set R;

2. Compute an initial solution Si by selecting randomly b blocks from R;
3. Er = tabu_search(Sg);

Figure 10: Restarting search at level [

Blocks in R are selected in the following way. Let
E's = min{c(Ef), c(EY), ..., c(E{)}

where Ej, EY, ..., E] are the elite solutions of levels 0 to [ in cycle g. Let
j be the index of the current search cycle. Three categories of blocks are
placed in R in the following order:

1. R= RUR; where R; = E?%-1UE%"%-2U...UE%"-histors and history
is a variable which indicates the number of past cycles we probe in order
to restart search at level [;

2. R = RU R, where R, is a set of blocks randomly selected from the
blocks belonging strictly to Ag;

3. If |R| > |R; U R,| then selected randomly |R| — |R; U R,| blocks from
Ay

The size of R and R, are input parameters of the algorithm. Once R has
been generated, a set Sg of b blocks is selected randomly from blocks in R.
The set Sg is the initial solution of a tabu search which runs in the solution
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space generated by the blocks in R. Finally, a new search cycle starts with
tabu search at level [ and an initial solution interpolated from Eg, the best
solution computed by tabu search in R (line 3 in Figure 10). Since R is not
necessary a subset of A;, to obtain a feasible initial solution S; from E'y, the
blocks of Er which do not belong to A; are copied in A;.

Re-initialization of level [ induces two divergent actions: a more intensive
exploration of previously visited regions of the solution space and diversifica-
tion from the currently explored regions of the solution space. Intensification
is based on elite solutions from previous cycles and diversification is achieved
by selecting blocks randomly. The degree of intensification and diversification
is expressed in terms of the ratio of each type of blocks in the set R.

5 Experimentations

In this section, we describe the tests that have been performed and report
computational results. Next, based on the analysis of the computational
results, we propose some future work to improve the current heuristic.

Most search heuristics have several free control parameters often referred
as search parameters. So first, we briefly describe some search parameters
for the implementation of the multilevel cooperative search heuristic that has
been used to run tests. We also give the typical settings of these parameters
in our tests.

5.1 Search parameters

Search parameters adapt a search heuristic to specific characteristics of prob-
lem instances such as size, solution space structure (large plateaus, ridges,
narrow valleys, number of local optima), neighborhood structure, etc. Search
parameters can also be used to emphasize specific goals such as rapid con-
vergence or on the contrary slow convergence for more difficult problem in-
stances. For complex heuristics like multilevel cooperative search, which
involves several “internal” heuristics (tabu search, local search, cooperation
operators), there are also search parameters controlling the internal heuris-
tics. Setting search parameters is an important and time consuming task.
The setting often makes the difference in the performance of the heuristic.
Tests with our multilevel cooperative search algorithm have been realized
with an implementation which had a total of 16 search parameters. Table 1
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Parameters Typical range
1 | Stopping criterion for multilevel cooperative search 600 — 1000
2 | Number of levels (1) 3—-6
3 | Size of A b x (I+3)— 3000
4 | Number of random blocks r; in 4, 20 — 400
5 | Stopping criterion for tabu search 500 — 800
6 | Pivot ¢; of the first tabu list 10 —12
7 | Pivot t9 of the second tabu list 5
8 | # of TS iterations in phase 2 of search cycles 40 — 60
9 | Exploration factor 0—20
10 | Size of the restart set R 120 — 1200
11 | Number of random blocks in R (R;) 20 — 100
12 | Depth of the tabu search exploration in R 2 — 60

Table 1: Search parameters and range of their values

lists 12 of these search parameters. The complete list of search parameters
is given in [11]. The first row of Table 1 refers to the stopping criteria of
the multilevel cooperative search. Two stopping criteria have been used: 1-
maximum wall clock time; 2- maximum number of cycles performed by the
multilevel cooperative search procedure. A third implicit stopping criterion
is the discovery of a new upper bound for C(v, k,t). The computation ends
once the procedure reaches any of these stopping criteria. In Table 1, the
range refers to the maximum number of cycles.

The parameter in the second row determines the number of levels for the
multilevel cooperative search. The parameter in row 3 specifies the size of
the set A;. The value of this parameter should be at least b x (I + 3) to
store blocks from elite solutions Ey, ', ... , E;. For large problem instances,

where the ratio %;3) tends to get very small, the neighborhood structure

N, could potentialfy become disconnected, or neighborhoods too sparsely
populated to allow for efficient search. Therefore, the size of A; has to be
larger than b x (I + 3). We have considered two ways to increase the size
of A, for larger problem instances: 1- keep in A; blocks from elite solutions
of previous cycles; 2- add in A; blocks selected randomly from blocks that
belong strictly to Ay. Each of these two approaches by itself has pitfalls.
The first approach tends to drag search for too long in same regions of the
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solution space. The second approach is a re-coarsening using blocks selected
randomly, this dilutes the guidances provided by elite solutions. In practice,
we combine both approaches. The parameter in row 4 specifies the number
of blocks r; selected randomly from blocks belonging strictly to Ag. These
blocks are copied in A; at every 4 cycles, when the operator restart_search
(Section 4.4.3) is executed.

Parameters in rows 5, 6 and 7 control tabu search. Parameter 5 specifies
the value of the stopping criterion for tabu search in search and interpolation
cycles (see Section 4.1). Parameters 6 and 7 specify the pivot values around
which the length of the tabu lists are selected randomly in a range pre-
specified in the code of the algorithm.

The parameters in rows 8 and 9 control the behavior of the second phase
(restricted search phase) of tabu search in search cycles. Parameter 8 specifies
the number of tabu iterations performed during the restricted search. This
number is expressed in percentage of b. Parameter 9 specifies the value
of the exploration factor. It is preferable to set parameter 9 with small
values such to initiate search in each cycle from good initial solutions and
to maintain an overlapping of the search spaces with good regions of ;.
Exploration can be achieved by setting search parameters 2, 3, 4 and 11 with
large values. Particularly, a large value for search parameter 4 brings new
blocks in A;, which favors a high re-coarsening of problem instances P; to
P,_y. A high value for parameter 11 also creates more exploration because
these new solutions are interpolated to lower levels.

In some search cycles, the second phase of tabu search is performed un-
conditionally and in the third phase, and a certain number of blocks intro-
duced in S; during the second phase are prohibited from leaving S;. Search
parameters controlling this implementation of search cycles are described in
[11].

Parameters in rows 10, 11 and 12 control the operator restart_search.
Parameter 10 specifies the size of R. Parameter 11 specifies the number of
blocks that belong strictly to Ay and which are selected randomly from A,
and copied in R. Parameter 12 specifies the stopping criterion of the tabu
search run in R. The stopping criterion is specified in the same terms as
for parameter 5, i.e., the number of tabu iterations without improving the
current best solution.

The settings of search parameters in Table 1 is based on tests realized
with a few small and medium size problem instances (¢t = 3,4, 5 and v < 15).
These are problem instances where improved upper bounds had been found.
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No attempts has been made to conduct a systematic calibration study of the
search parameters for this algorithm.

5.2 Tests

We have conducted tests on problem instances from the La Jolla Covering
Repository Tables [10] of upper bounds for v < 32, k < 16,¢t < 8 and A = 1.
La Jolla Covering Repository Tables first appeared in [18] and are since then
constantly updated on the web page in [10]. Almost all of the best known
upper bounds for Ci (v, k, t) (referred as C(v, k,t) from now on) are published
in those Tables.

We have selected 158 covering design problem instances in La Jolla Ta-
bles for which C(v, k,t) was unknown as of Spring 2005. Two criteria have
been used to select test instances. One criterion is the computer memory
requirements for storing tables of neighbors (Section 4.1). Memory require-
ments exceeded the memory capacity of several of our computers for v > 20.
Consequently, we have tested problem instances where v < 20. The second
criterion is related to the size of b. The bulk of the computation for our
algorithm is spent computing neighborhoods in tabu search. The size of the
neighborhood for a solution S is |N'(S)| = b x k x (v — k). Among the three
covering design parameters which impact the size of neighborhoods, b is the
one with the broader variations, from 4 to 18497 in instances where v < 20.
These variations have a strong impact on the computational time. We have
mostly selected test instances where b < 200, which represents about 80% of
the problem instances for which v < 20.

The tests have been realized using 41 dedicated sequential computers from
the following set of computer architectures: Sun UltraSPARC 10 300-MHz,
Sun UltraSPARC 5 400-MHz, Sun UltraSPARC III 600-MHz, Pentium III
866MHz and Pentium IV 2.2 GHz. All tests have been run under the same
following two stopping criteria: a maximum of 600 to 1000 cycles or 168
hours of wall clock time. Computation ended whenever one of these two
criteria was satisfied. These criteria have been applied uniformly across all
computer architectures, though we tried to schedule larger problem instances
on computer architectures with faster clock rate.

Results for the 158 test instances are summarized in Tables 2 to 5. In
those tables, the first column (Instances) identifies the problem instances by
listing the values of the parameters for C(v, k,t). The second column (LB)
gives the lower bound for the corresponding C(v, k,t). The third column
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Instances LB | UB | b | Cost || Instances LB | UB b Cost
C(12,5,3) 27 | 29 | 28 2 C(18,11,3) 9 10 9 3
C(13,5,3) 32 | 34 |33 4 C(19,5,3) 103 | 108 | 107 2
C(13,6,3) 20 | 21 |20 2 C(19,6,3) 57 | 63 | 62 0
C(14,5,3) 37 | 43 | 42 3 C(19,7,3) 33 | 35 | 34 4
C(14,6,3) 24 | 25 | 24 1 C(19,8,3) 24 | 27 | 26 1
C(15,5,3) 54 | 56 | 55 2 C(19,9,3) 15 17 | 16 8
C(15,6,3) 30 | 31 |30 1 C(19,10,3) | 13 14 | 13 9
C(16,5,3) 61 | 65 | 64 3 C(19,11,3) 9 11 10 9
C(16,6,3) 35 | 38 | 37 2 C(20,5,3) 124 | 133 | 132 14
C(16,7,3) 23 | 24 | 23 3 C(20,6,3) 64 | 72 | 71 0
C(17,6,3) 43 | 44 | 43 1 C(20,7,3) 43 | 45 | 44 2
C(17,7,3) 25 | 27 | 26 12 C(20,9,3) 20 | 21 20 8
C(17,8,3) 17 | 18 | 17 8 C(20,10,3) | 14 | 15 14 4
C(18,7,3) 31 | 33 | 32 2 C(20,11,3) | 11 12 11 16
C(18,9,3) 14 | 16 | 15 1 C(20,12,3) 9 10 9 10
C(18,10,3) | 11 12 | 11 8

Table 2: Tests for t = 3

(UB) gives the best known upper bound of C(v, k,t) in Spring 2005. The
fourth column (b) is the size of the covering design we tested for C(v, k, ).
Finally, the fifth column (Cost) gives the number of t-subsets not covered
by our best solution. When an entry in the fifth column is 0, it means that
all ¢-subsets have been covered, b is a new upper bound for C(v, k, ) in the
corresponding row. As can be seen from these tables, we have improved the
upper bound of 29 instances.

Tables 2 and 3 report results for tests performed on cases where t = 3
and t = 4. Except for instance C(17,8,4), all tests reported in Tables 2
and 3 have been limited to 600 cycles. All tests completed well inside the
limit of 168 hours. New upper bounds have been found for five problem
instances. For many cases, the non zero cost displayed in Tables 2 and 3
have been obtained very soon in the computation. We suspect the upper
bound is optimal for some of these cases. At the opposite, the cases for
which we have found a new upper bound were among a small set of cases
where convergence is relatively slow. Instance C(17,8,4) was given more
time because convergence was particularly slow for this case. The new upper
bound has been found after 1177 cycles.

Test results reported in Table 4 have completed 1000 cycles except for
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Instances LB | UB b Cost || Instances LB | UB b Cost
C(12,6,4) 40 | 41 40 6 C(17,104) | 19 | 23 | 22 4
C(12,7,4) 20 | 24 | 23 1 C(17,11,4) | 13 16 15 0
C(13,6,4) 59 | 66 | 65 2 C(18,7,4) 111 | 130 | 129 )
C(13,7,4) 28 | 30 | 29 3 C(18,8,4) 57 | 66 | 65 2
C(14,6,4) 75 | 80 | 79 8 C(18,9,4) 34 | 38 | 37 6
C(14,7,4) 40 | 44 | 43 2 C(18,10,4) | 24 | 26 | 25 8
C(14,8,4) 23 | 24 | 23 9 C(18,11,4) | 18 19 18 18
C(15,6,4) 93 | 117 | 116 3 C(19,7,4) 131 | 153 | 152 | 104
C(15,7,4) 52 57 | 56 1 C(19,8,4) 74 | 84 | 83 3
C(15,8,4) 29 | 30 | 29 11 C(19,9,4) 45 | 48 | 47 3
C(15,9,4) 19 | 20 19 9 C(19,10,4) | 27 | 32 | 31 13
C(15,10,4) | 12 14 13 6 C(19,11,4) | 19 | 23 | 22 10
C(16,6,4) 144 | 152 | 151 54 C(19,12,4) | 15 17 | 16 22
C(16,7,4) 69 | 76 | 75 1 C(20,8,4) 8 | 93 | 92 2
C(16,9,4) 24 | 26 | 25 6 C(20,9,4) 54 | 64 | 63 0
C(16,10,4) | 16 18 17 3 C(20,10,4) | 30 | 36 | 35 18
C(17,7,4) 8 | 99 | 98 6 C(20,11,4) | 24 | 28 | 27 14
C(17,8,4) 49 | 54 | 53 0 C(20,12,4) | 15 20 19 40
C(17,9,4) 27 | 28 | 27 9 C(20,13,4) | 14 16 15 9

Table 3: Tests for t =4

C(19,13,5) and for v = 20 and £ > 11. New upper bounds have been found
for 11 cases. We observe that several new upper bounds have been found
for large cases such as v = 17 and v = 19. The algorithm fails for smaller
(and likely easier) cases such as v = 14 and v = 15, even though the gap
between bounds is important for many of these small cases. Two possible
explanations come in mind. Problem instances for v = 14 and v = 15 are
small enough to be in the same category as some problems in Tables 2 and 3.
Existing methods which are efficient to compute upper bounds for problems
in Tables 2 and 3 work as well for instances with v = 14 and v = 15 in Table
4. A second explanation is that we haven’t yet found proper settings of the
search parameters for these instances. The space of search parameter settings
is huge and has only be partially explored. Furthermore, results displayed in
Table 4 for cases where v = 14 and v = 15 have been obtained late in the
computation. Given that convergence is slow, it is likely that different search
parameter settings and possibly more time will lead to improve these upper
bounds as well.
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Instances LB | UB b Cost || Instances | LB | UB b Cost
C(11,6,5) 96 | 100 | 99 1 C(17,9,5) 58 | 80 | 79 0
C(11,7,5) 33 | 34 | 33 3 C(17,10,5) | 41 | 49 | 48 0
C(12,7,5) 55 | 59 | 58 2 C(7,11,5) | 25 | 32 | 30 0
C(13,7,5) 75 | 78 77 34 C(18,9,5) 98 | 113 | 112 2
C(13,8,5) 33 | 43 | 42 0 C(18,10,5) | 49 | 54 | 53 12
C(14,7,5) 118 | 138 | 137 1 C(18,11,5) | 32 | 42 | 41 6
C(14,8,5) 49 | 55 | 54 5 C(18,12,5) | 20 | 24 | 23 123
C(14,9,5) 28 | 32 | 31 4 C(19,10,5) | 65 | 86 | 83 0
C(15,7,5) 161 | 189 | 188 1 C(19,11,5) | 42 | 50 | 49 0
C(15,8,5) 75 | 89 | 88 2 C(19,12,5) | 29 | 38 | 37 0
C(15,9,5) 39 | 42 | 41 15 C(19,13,5) | 18 | 21 20 139
C(15,10,5) | 24 | 27 | 26 1 C(20,10,5) | 90 | 106 | 99 0
C(16,8,5) 104 | 117 | 116 12 C(20,11,5) | 50 | 65 | 64 7
C(16,9,5) 52 | 61 60 0 C(20,12,5) | 32 | 42 | 41 16
C(16,10,5) | 31 37 | 35 0 C(20,13,5) | 24 | 33 | 32 4
C(16,11,5) | 18 | 22 | 21 22 C(20,14,5) | 16 | 18 17 | 248
C(17,8,5) 147 | 188 | 185 0

Table 4: Tests for t = 5

Several results reported in Table 5 are based on tests completed after
exhausting 168 hours of wall clock time. These didn’t complete 1000 cycles.
New upper bound have been found for 13 problem instances. Most of the
new upper bounds have been found for values of v between 13 and 16. Likely,
the setting of the search parameters is poorly adapted for the larger problem
instances in Table 5. Obviously, more time is required for the computation.

Table 6 reports computational times for the 29 instances where we im-
proved the best known upper bound. In this table, the second column dis-
plays the best known upper bound previously to our improvements. The
third column reports the value of the best new upper bound we have found.
The fourth column displays the number of tabu search iterations executed
before finding the upper bound reported in the previous column. Finally,
the last column reports the CPU time in seconds for each test. Most new
upper bounds have been found quite soon in the computation, the longest
time been around 147 CPU hours for the case C'(17,8,4). For many cases,
particularly larger problem instances, we have used our leverage in setting
search parameters to stress rapid convergence. For such cases, search pa-
rameters 4, 9, 10 and 11 have been set to the highest value in the ranges of
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Instances | LB | UB b Cost || Instances | LB | UB b Cost
C(12,7,6) | 165 | 176 | 175 2 C(17,10,6) | 89 | 119 | 118 4
C(12,8,6) 50 | 51 | 50 6 C(17,11,6) | 48 | 61 | 60 13
C(13,8,6) 90 | 100 | 99 0 C(17,12,6) | 26 | 36 | 35 31
C(13,9,6) 38 | 40 | 39 0 C(18,11,6) | 68 | 89 | 88 2
C(14,8,6) | 132 | 151 | 150 2 C(18,12,6) | 38 | 48 | 47 55
C(14,9,6) 52 | T4 | 70 0 C(18,13,6) | 24 | 28 | 27 | 134
C(14,10,6) | 27 29 28 32 C(19,11,6) | 85 | 102 | 101 12
C(15,96) | 82 | 100 | 99 | 0 | C(19,12,6) | 51 | 76 | 75 | &
C(15,10,6) | 42 | 54 | 52 0 C(19,13,6) | 30 | 42 | 41 103
C(16,9,6) | 134 | 172 | 170 0 C(19,14,6) | 21 | 22 | 21 | 362
C(16,10,6) | 63 | 77 | 76 4 C(20,12,6) | 70 | 93 | 92 0
C(16,11,6) | 35 | 44 | 43 11 C(20,13,6) | 45 | 66 | 65 90
C(17,9,6) | 197 | 268 | 267 | 172 | C(20,14,6) | 26 | 32 | 31 | 458
C(13,8,7) | 269 | 297 | 296 0 C(1r,12)7) | 50 | 64 | 63 4
C(13,9,7) 73| 79 | T8 6 C(17,13,7) | 25 | 26 | 25 | 296
C(14,9,7) | 140 | 166 | 165 7 C(18,12,7) | 72 | 101 | 100 | 15
C(14,10,7) | 54 | 57 | 56 0 C(18,13,7) | 36 | 50 | 49 | 168
C(15,10,7) | 78 | 118 | 117 0 C(19,13,7) | 56 | 84 | 83 70
C(15,11,7) | 37 | 42 | 41 49 C(19,14,7) | 33 | 42 | 41 | 229
C(16,10,7) | 132 | 167 | 165 0 C(20,13,7) | 79 | 136 | 135 | 210
C(16,11,7) | 62 | 88 | 85 0 C(20,14,7) | 43 | 60 | 59 | 595
C(17,11,7) | 98 | 127 | 126 | 35 C(20,15,7) | 28 | 34 | 33 | 531
C(14,10,8) | 103 | 119 | 117 0 C(17,13,8) | 37 | 42 | 41 | 396
C(15,11,8) | 74 | 80 | 79 5 C(18,13,8) | 70 | 103 | 102 | 48
C(16,11,8) | 114 | 191 | 190 | 5 | C(18,14,8) | 33 | 34 | 33 | 839
C(16,12,8) | 50 | 59 | 58 39 C(19,14,8) | 49 | 75 | T4 | 246
C(17,12,8) | 88 | 138 | 137 | 18 C(20,15,8) | 44 | 57 | 56 | 746

Table 5: Tests for t = 6,7 and 8
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Instances Previous Improved # of CPU
Upper Bound | Upper Bound | Iterations | Time
C(13,8,1) 297 296 675823 48331
C(13,8,5) 43 42 1006263 16780
C(13,8,6) 100 99 18833 1639
C(13,9,6) 40 39 3962341 199081
C(14,9,6) 74 70 920688 20621
C(14,10,7) 57 56 12150 891
C(14,10,8) 119 117 1977944 144094
C(15,9,6) 100 99 260927 70032
C(15,10,6) 54 52 266206 74306
C(15,10,7) 118 117 154952 41464
C(16,9,5) 61 60 148508 20486
C(16,9,6) 172 170 362941 177913
C(16,10,5) 37 35 336183 48867
C(16,10,7) 167 165 303568 36961
C(16,11,7) 88 85 185564 24160
C(17,8,4) 54 53 41396983 | 529789
C(17,8,5) 188 185 300071 82930
C(17,9,5) 80 79 2680690 138870
C(17,10,5) 49 48 899131 278101
C(17,11,4) 16 15 712030 7617
C(17,11,5) 32 30 415428 56489
C(19,6,3) 63 62 301834 8853
C(19,10,5) 86 83 714778 84262
C(19,11,5) 50 49 1813365 191949
C(19,12,5) 38 37 4164742 490706
C(20,6,3) 72 71 15469025 | 351503
C(20,9,4) 64 63 6815489 445288
C(20,10,5) 106 99 2379806 353505
C(20,12,6) 93 92 250548 330744
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Instances b First run Second run Third run
Tter Time Iter Time Iter Time
3-(12,5,1) 29 | 19226 13 9271 6 7903 5

4-(13,6,1) | 66 | 58003 212 33264 121 13725 45
4-(17,11,1) | 16 | 171268 | 2024 386865 | 4431 15050 209
5-(13,8,1) | 43 | 402150 | 3004 957527 | 7084 1251202 | 9185
5-(

5-(

6-(

7(

-(19,11,1) | 50 | 175252 | 18732 89050 10144 18187 2469

-(19,12,1) | 37 | 4164742 | 490706 || 1377491 | 154184 || 1385207 | 166421
-(13,9,1) | 40 | 592921 | 6106 157792 | 1651 1803051 | 18480
-(14,10,1) | 55 | 493573 | 12661 906425 | 23060 597453 | 15408

Table 7: Comparison of different runs with same parameter setting

Table 1. When the exploration factor is high, search cycles initiate uphill
search steps immediately when cost improving search steps cannot be made.
Multilevel cooperative search explores rather superficially each visited region
of the solution space. If new upper bounds can be found in this way, they
are usually found soon during the computation.

Several steps in our algorithm are based on random decisions. They in-
clude the initial coarsening, initial solutions to tabu search, the length of
tabu lists and the random blocks placed in sets A; and R. In Table 7, we
report the number of cycles and the CPU time of three independent runs
performed on 8 different problem instances. Between problem instances (i.e.,
problem instances from different rows in Table 7), we use a different search
parameter setting. However, inside each problem instance (problem instance
on the same row), the runs are performed with the same search parameter
setting. Results in Table 7 indicate that random choices do not compromise
the results reported in Table 6. Each run is successful in finding the upper
bound displayed in the second column of Table 7. Though there are impor-
tant computational time variations between runs, they all find a covering well
inside 300 cycles. The results reported in Table 7 are in agreement with our
other tests. Upper bounds reported in Table 6, given a specific setting of the
search parameters, can generally be reproduced within a small multiplicative
factor of the computational time in Table 6.

We do not compare directly in this paper the performance of our algo-
rithm with other algorithms. The problem instances in the La Jolla Tables
have been extensively tested with different methods. However, we will like to
emphasize the performance of tabu search through a few comparison tests.
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Instances Multilevel Simulated Annealing Tabu Search
CPU Time | Iterations | Iterations Cost | Iterations | Cost
5-(13,8,1) | 839 50313 330061196 4 39824 5
5-(16,9,1) | 20486 148508 4820470893 | 2 185693 7
5-(16,10,1) | 48867 366183 5727645000 | 11 315167 4
5-(17,11,1) | 56489 415428 3178988604 | 27 225053 24
6-(13,8,1) | 1639 18833 1032767980 | 14 53867 11
6-(14,9,1) | 20621 920688 6007147920 | 12 215842 8
6-(16,9,1) | 177913 362941 46526949504 | 185 726651 11
7-(14,10,1) | 891 12150 205696966 10 13098 9
7-(16,11,1) | 24160 185564 2184703573 | 32 39775 0

Table 8: Comparison between different search heuristics

In Table 8, we compare our multilevel cooperative search algorithm with a
simulated annealing algorithm and the tabu search procedure used inside
our multilevel cooperative search algorithm. The results regarding simulated
algorithm have been obtained using the simulated annealing code for cover-
ing design available in the paper [24]. Table 8 compares the three methods
on problem instances where the multilevel cooperative search algorithm was
able to improve the best known upper bound. Tabu search and simulated
annealing procedures are given the same amount of CPU time as used by the
multilevel cooperative search algorithm to identify the new upper bounds.
We report the number of iterations performed by each procedure as well
as the number of t-subsets that have not been covered. Note that unlike
tabu search, one iteration of simulated annealing evaluates only one neigh-
bor. This explains why the number of iterations is far larger for simulated
annealing in comparison with the two other search procedures. Results in
Table 8 show that the tabu search procedure is very competitive. The per-
formances of tabu search have been achieved with little effort in the design
of the tabu search algorithm. Given the relatively simple design space of our
tabu search algorithm, the results are impressive, which advocates favorably
for using tabu search for combinatorial design problems.

5.3 Summary & future work

We have survey the cost of all the elite solutions found by the multilevel
cooperative search heuristic for each tested problem instance in Tables 2 to
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5. For several problem instances, an elite solution with the cost displayed
in Tables 2 to 5 has been found many times. For other problem instances,
mainly those where Cost is closed to zero, very few elite solutions have been
found having the cost displayed in Tables 2 to 5. The second situation
indicates a lack of intensification of the exploration in the neighborhood of
these solutions. The operator restart search (section 4.4.3), where elite
solutions from previous cycles are placed in the set R, addresses in part this
problem. We can also set the search parameters such to keep the same elite
solutions in A; for several cycles, but convergence will be substantially slower.
A more general solution to this problem will be to adapt the setting of some
search parameters to the conditions of the search. For example, the setting
of search parameters such as r; (parameter 4 in Table 1), exploration factor
(parameter 9), the size of R (parameter 10) and R, (parameter 11) should be
made dependent on the variations in the cost of the overall best elite solution.
Other more specific changes in the control of the heuristic will also be made
to ensure greater responsiveness from re-coarsening to all good solutions.
Results from the larger problem instances in Table 5 reveal that the cur-
rent sequential implementation should be revised to address large problem
instances. We have considered three approaches to speed-up computation.
One is the parallelization of the neighborhood evaluation. This paralleliza-
tion has been realized, details can be found in [11]. Preliminary results in
Table 9 show that speed-up is closed to linear for an appropriate number
of processors with respect to the size of each problem instance. The second

Instances | # of processors | # of Iterations | Clock Time | Speed Up
1 124767 2157 1
4-(15,6,1) 4 131120 1366 1.660
8 127606 1347 1.638
16 130320 2258 0.998
1 246992 16769 1
5-(16,7,1) 4 248590 5101 3.309
8 254210 3519 4.905
16 262441 5144 3.464
1 333266 86909 1
6-(17,9,1) 4 327796 22397 3.817
8 336163 12878 6.807
16 337759 14959 5.888

Table 9: Measures of speed-ups for computing neighborhoods
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approach to speed-up computation consists to have the concurrent optimiza-
tion of problem instances P, to P, performed in parallel by running each tabu
search procedure on a different processor. This is a well known parallelization
strategy for cooperative search algorithms [9]. We should note that shared
data structures will be required to implement the re-coarsening operator.
Lock accesses to this shared data structure will have a small negative impact
on speed-up. Finally, to speed-up computation for problem instances where
v > 20, we consider performing, at the lowest levels, a partial evaluation of
the neighborhood based on a random selection of neighbors. This technique
is well known and is often used to evaluate neighborhoods with a large set of
neighbors or with neighbors that are costly to compute.

We noticed in Tables 2 to 5 the cost of some problem instances is sur-
prisingly high considering the relatively large gap between the lower bound
and the upper bound. This is the case for problem instances C(16,6,4),
C(19,7,4) and C(18,12,6) among others. This happens when the search
heuristic cannot collect “good” elite solutions from problem instances at the
lower levels. We then have a poor re-coarsening of the problem instances at
higher levels. We expect this situation to be more frequent for ¢t — (v, k, \)
covering designs where v is large or when the upper bound is large (i.e., b is
large). The situation with large b can be addressed by coarsening the vector
b as well. This will be a new coarsening procedure where coarsened problem
instances have decision variables fixed in non-zero states. This will help to
control the cost of evaluating neighborhoods due to large variations in the
size of b. For large v, it is almost inevitable that any search heuristic will be
challenged while dealing with the combined difficulty of a large search space
and poor guidance from the cost function. There are a few ways to partially
get around this problem. Search cycles at the lowest levels can be eliminated.
The gathering of information for re-coarsening operators can be based rather
on multiple interpolations between level [ and the lowest levels. Another
way, similar to [25], has search cycles at the lowest levels implemented as a
multilevel search. For example, search cycle j at level 0 can use sets Ay to A4;
to perform a multilevel search where the interpolated solution at level [ — 1
is obtained from elite solution Ej .
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6 Conclusion

We have introduced a new search heuristic for computing upper bounds on
Ci(v, k, t), the minimum number of blocks in any ¢— (v, k, A) covering design.
This heuristic have been run on 158 covering design problem instances from
the La Jolla Tables [10] for which C(v, k,t) was unknown in Spring 2005.
The algorithm was given a maximum of one week of computation on stan-
dard desktop computers to find new upper bounds for each tested problem
instance. Improved upper bounds have been found for 29 problem instances,
many of which exhibit a tight gap with the lower bound.

The proposed heuristic is an application of the multilevel cooperative
search approach to the problem of finding covering designs. The standard re-
coarsening and interpolation operators of multilevel cooperative search have
been adapted for a better optimization by local search of the cost function.
The numerical results indicate the proposed approach is competitive with all
the other methods existing for computing upper bounds on C)(v, k,t). We
have also suggested a few trivial changes in the current design of the heuristic
to speed-up computation and to tackle larger problem instances.

Key features of this heuristic for covering designs, such as problem di-
mensionality reduction through recursive projections, and refinement of the
projection operators through re-coarsening and interpolations, can be the
foundation of similar search heuristics for other combinatorial design prob-
lems. If such attempts are made, it will be interesting to investigate the
relation between dimensionality reduction through recursive projections and
isomorphic solutions in the solution space of combinatorial design problems.
Dimensionality reduction has first been exploited in multilevel search meth-
ods to speed-up computation of search heuristics in large problem instances.
Unfortunately, a great deal of cost related information is lost during pro-
jections, trading optimization for speed-up. Permutation groups and other
equivalent solutions under the cost function might help to minimize this lost
of information. It would seem that less cost related information will be lost
during projection where this information is repeated several times in the
solution space of the original problem and where information destruction
prevails among repeated states. If this is the case, it might be possible to
derive projection operators for multilevel search methods and multilevel co-
operative search methods that will address efficiently the challenges pose to
local search methods by combinatorial design problems.
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