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Abstract

Metaheuristic parallel search methods — tabu search, simulated annealing and genetic
algorithms, essentially — are reviewed, classified and examined not according to par-
ticular methodological characteristics, but following the unifying approach of the level
of parallelization. It is hoped that by examining the commonalities among parallel
implementations across the field of metaheuristics, insights may be gained, trends
may be discovered, and research challenges may be identified. Particular attention is
paid to applications of parallel metaheuristics to transportation problems.

Key words: Metaheuristics, search methods, parallel algorithms, genetic algorithms,
simulated annealing, tabu search, transportation

Résumé

Nous révisons, classons et analysons des méthodes de recherche méta-heuristique pa-
ralleles — recherches avec tabous, méthodes de recuit simulé et algorithmes génétiques
—, non pas selon des caractéristiques méthodologiques particuliéres, mais plutot selon
le critere unificateur du niveau de parallélisation. Nous pouvons ainsi faire ressortir
les points communs, mettre en lumiere les tendences générales, identifier les défis
importants de recherche. Une attention particuliére est apportée aux applications
des méta-heuristiques paralleles aux problemes de transport.

Mots clefs: Méthodes de fouille, méta-heuristiques, algorithmes paralleles, recherches
avec tabous, méthodes de recuit simulé, algorithmes génétiques, transport



1 Introduction

Heuristics have been, and continue to be, an essential component of the methodolog-
ical approaches used to address combinatorial optimization formulations, in general,
and transportation applications, in particular. In the last ten to fifteen years, meta-
heuristics have profoundly changed the way we address these problems and have
significantly contributed to efficiently address complex, hard problem settings (see,
for example, Crainic and Laporte, 1997, or Golden et al., 1998).

Parallel versions of metaheuristic methods are proposed with increasing frequency.
The usual goals for parallel computing are also invoked here: reasonable comput-
ing times with more realistically formulated and sized problem instances. A second
benefit is increasingly being acknowledged: in appropriate settings (e.g., multithread
strategies), parallel metaheuristics may be much more robust than sequential versions
relative to differences in problem types and characteristics and the corresponding pa-
rameter calibration issues.

In fact, the number of researchers and studies dedicated to parallel metaheuris-
tics has reached the level where surveys, taxonomies and syntheses are proposed:
Jog, Suh and Gucht (1991), Lin, Punch and Goodman (1994), Gordon and Whit-
ley (1993), Gordon (1994), Cantu-Paz (1995), Hoffmeister (1991), Sargent (1988),
Greening (1989a, 1990), Azencott (1992a), Lee and Lee (1992a), Verhoeven and Aarts
(1995), Voss (1993), Pardalos et al. (1995), Laursen (1996), Crainic, Toulouse and
Gendreau (1997), and Holmqvist, Migdalas and Pardalos (1997), among others. How-
ever, most of these works study parallel metaheuristics that belong to one method-
ology only. Even when several metaheuristic approaches are considered in the same
paper, surveys are presented along exclusive methodological lines without the benefit
of a global view.

The goal of this paper is to start to bridge this gap. Our approach is based on
the observation that despite a large number of efficient implementations for particular
problems, relatively few fundamental ideas have been used to design parallel strategies
for metaheuristics. It is thus our belief that by examining the commonalities among
parallel implementations across the field of metaheuristics, insights may be gained,
trends may be discovered, and research challenges may be identified.

The paper is organized as follows. Section 2 presents a few statistics illustrating
the increasing interest in parallel metaheuristics and presents the criteria we use to
survey the literature. Sections 3, 4 and 5 are dedicated to the survey and discussion
of issues related to the parallelization of metaheuristic search methods: tabu search,
simulated annealing, and genetic methods, in particular. Section 6 summarizes the



conclusions derived from the survey and points to research directions and challenges.
Throughout the paper, particular attention is paid to applications of parallel meta-
heuristics to transportation problems.

2 Parallel Metaheuristics

Compared to exact search methods, such as branch-and-bound, metaheuristic meth-
ods do not aim to systematically explore the whole solution space. Instead, they
attempt to examine only parts thereof where, according to certain criteria, one be-
lieves good solutions can be found. Avoiding local optima traps and cycling, as well
as making reasonably sure that the search has not overlooked promising regions, are
the usual objectives of designing good metaheuristics.

Metaheuristics for optimization problems may be described summarily as a “walk
through neighbourhoods”, a search trajectory through the solution domain of the
problem at hand. These are iterative procedures that move from a given solution to
another solution in its neighbourhood. Thus, at each iteration, one evaluates moves
towards solutions in the neighbourhood of the current solution, or in a suitably se-
lected subset. According to various criteria (objective value, feasibility, probability,
etc.), a number of good (though not necessarily improving) moves are selected and
implemented. Tabu search and simulated annealing methods usually implement one
move at each iteration, while evolutionary methods may generate several new indi-
viduals at each generation-iteration. Moves that are evaluated at each iteration may
belong to only one type (e.g., add an element to the solution) or may belong to
several quite different types (e.g., evaluate both add and drop moves). Moves may
marginally modify the solution or drastically inflect the search trajectory. The first
case is often referred to as the local search phase. The diversification phase of tabu
search or the application of mutation operators in an evolutionary process are typical
examples of the second alternative; this last case may also be described as a change
in the “active” neighbourhood.

The metaheuristics most oftenly used and parallelized are either evolutionary ap-
proaches — genetic algorithms (GA: (Holland, 1975; Goldberg, 1989; Whitley, 1994;
Fogel, 1994; Michalewicz, 1992; etc.), simulating annealing methods (SA: Metropolis
et al. (1953; Kirkpatrick, Gelatt and Vecchi, 1983; Laarhoven and Aarts, 1989; Aarts
and Korst, 1989; etc.), or tabu search procedures (T'S: Glover 1986, 1989, 1990, 1996;
Glover and Laguna, 1993; Osman and Kelly, 1996, etc.). Other methods, such as
GRASP (Feo and Resende, 1995) and ant colony systems (Dorigo, 1992; Colorni, Dorigo
and Mannienzzo, 1991, 1992) have also been proposed recently and we include them in the
paper as well.



GA SA TS

<1990 | > 1990 | <1990 | > 1990 | < 1990 | > 1990

22 88 33 42 1 35

Table 1: Number of Publications nf Parallel Metaheuristics

The continuous and rapid increase in the number of parallel metaheuristic developments
and applications is illustrated in Table 1. The table synthesizes the reports, theses, and
articles referenced in this paper according to the type of approach. The contributions are
further separated according to the year of publication: before and after 1990. These two
columns represent approximately the same time span, since most contributions before 1990
have been reported in the latter half of the 80’s. The list is not exhaustive, but it yields a
number of observations that will be more thoroughly addressed in this paper:

e Genetic-type methods have received the most attention. This is not surprising given
the fundamental “parallel” nature of evolutionary methods.

e Many of the applications of parallel metaheuristics belong to various computer science
fields: VLSI design — especially circuit placement and routing — image processing,
artificial intelligence, etc. Regarding combinatorial optimization, most applications
address the travelling salesman problem (TSP) and the quadratic assignment problem

(QAP).

e Parallel tabu search methods strongly emerged after 1990. Furthermore, while ad-
dressing the same general application areas previously indicated, it is parallel TS
procedures that have been more often dedicated (20 out of the 36) to problems rel-
evant to transportation science: TSP, vehicle routing problems (VRP), and network
design.

e A number of other techniques also emerged after 1990, such as parallel GRASP (Feo,
Resende and Smith, 1994; Pardalos et al., 1995), ant colony systems (Colorni, Dorigo
and Mannienzzo, 1991, 1992; Dorigo, Maniezzo, and Colorni, 1996), and hybrid meth-
ods that combine elements of several methodological approaches (e.g., GA and SA).

In order to bring some order to our survey of parallel metaheuristics, independent of
particular methodological characteristics, we classify them according to the level of impact



the parallelization strategy has on the algorithmic design of the metaheuristic. This clas-
sification, which has been used to study exact search methods (see, for example, Gendron
and Crainic, 1994), allows us to bring together the efforts deployed according to different
metaheuristic methodologies. It classifies parallel methods according to the following three
strategies:

Type 1: parallelization of operations within an iteration of the solution method. This strat-
egy, also called low-level parallelism, is rather straightforward and aims solely to speed
up computations, without any attempt at a better exploration (except when the same
total wall clock required by the sequential method is allowed in the parallel process)
or higher quality solutions. It yields the same solution method as the sequential one,
only faster.

Type 2: decomposition of the problem domain or search space. This strategy is based
on the principle that computing power may be dedicated to solve a host of smaller
problems, out of which an improved overall solution may be extracted or constructed.
The search trajectory of the resulting parallel approach is different, however, from
that of the corresponding sequential method.

Type 3: multisearch threads with various degrees of synchronization and cooperation. This
strategy attempts a more thorough exploration of the solution space by initiating
several search threads that simultaneously proceed through the domain.

When describing parallel metaheuristics using this taxonomy, we often refer to the
performance of the methods. It is beyond the scope of this paper to address the issue of
how to measure the performances of metaheuristics. The interested reader may consult Barr
and Hickman (1993), Barr et al. (1995), and Toulouse, Crainic and Gendreau (1996). It
may be useful, however, to recall that the most widely used performance measures attempt
to compute some kind of acceleration. This speed-up is defined (relative to the definition
of time) as the ratio of sequential time to parallel time to solve a particular problem on
a particular machine. In notation form, let Ts be the total solution time of a sequential
procedure (normally, the best one available) for a given problem and computer, and 7
the execution time of a parallel implementation with p processors. The speed-up is then
S(p) = % For various specifications of the serial and parallel procedures, one obtains the

measures presented in Barr and Hickman (1993).

Two other performance measures are often used. Work (W), W = T, x p, computes
the total effort required by the parallel procedure. This measure is particularly relevant
when the optimum is not necessarily reached (or proven), and the quality of the solution
attained by two procedures will be compared. Scalability measures the capability of a
parallel procedure to display the same performance level when the problem size and the
number of available processors grow proportionally.



3 Type 1: Low-Level Parallelization

Type 1 parallelizations correspond to the concurrent computation of some or all operations
making up an iteration of the corresponding sequential method. Evaluation of individuals
and moves are typical operations subject to Type 1 parallelization.

As mentioned by several authors (Crainic, Toulouse and Gendreau, 1996; Roussel-Ragot
and Dreyfus, 1992; Triennekens, 1992, Gendron and Crainic, 1994), Type 1 parallelization
strategies aim directly to reduce the execution time of a given solution method. In fact,
when the same number of iterations are allowed to both sequential and parallel versions
of the method and the same operations are performed at each iteration (e.g., the same
set of candidate moves is evaluated and the same selection criterion is used), the parallel
implementation follows the same exploration path through the problem domain as the serial
method and yields the same solution. As a result, standard parallel performance measures
apply straightforwardly.

Some implementations modify the parallel version to take advantage of the extra com-
puting power available without altering the basic search method. For example, one may
evaluate all the moves in the neighbourhood of the current solution instead of only those
in a given subset. The resulting search patterns of the serial and parallel implementations
are then different in most cases. Yet, because the fundamental algorithmic design is not
altered, these approaches still qualify as low-level parallelism. Speed-up measures may thus
be applied directly, even though the notion of solution quality (i.e., does the method find a
better solution?) may qualify the acceleration measures.

3.1 Genetic Algorithms

In the literature, low-level parallelization of genetic algorithms is called global parallelization
(Gordon, 1994, Cantii-Paz, 1995). Historically, this strategy was presented in what probably
constitutes the first attempt to construct a parallel metaheuristic: the parallel genetic
algorithms of Grefenstette (1981). In this approach, only one population is considered, and
there are generally no restrictions on the selection and crossover operators used. The focus
is on the parallelization of the fitness evaluation of individuals and, to a lower extent, of
the crossover and mutation operators one applies to obtain a new population generation.

Parallel fitness evaluation is obtained via a synchronous master-slave approach, where
the master allocates individuals to slave processors to be evaluated. There is no communica-
tion among slave processes; only the master communicates with the slaves at the beginning
and end of the evaluation process. To obtain a new generation, the population is divided
among processors and the usual genetic operators (selection, crossover, mutation, etc.) are
applied to each partition in parallel. Note that on shared-memory computers, there are
generally no explicit masters. To begin the evolution, the population is divided and each



subpopulation is assigned to a specific process. Then, a synchronization phase between
generations ensures that the relevant information is available to all.

Parallel genetic algorithms of this type are described by Fogarty and Huang (1990; see
also Cui and Fogarty, 1992). They used a transputer network for a pole-balancing applica-
tion and reported that 1) transputer network topology is not important when computing
time is more significant than communication time, and 2) communication overhead increases
very fast with the number of processors.

Abramson and Abela (1992) and Abramson, Mills and Perkins (1993) implemented
similar strategies for school time tabling problems on a shared-memory computer (an Encore
Multimax with 16 processors) and for train timetable construction on a distributed-memory
machine (a Fujitsu AP1000 with 128 processors), respectively. Almost linear speed-ups were
reported for both applications using up to 16 processors, while performances deteriorated
rapidly with additional processors on the distributed-memory computer.

Hauser and Ménner (1994) used three different shared-memory computers — a 7-processor
NERV, a 16-processor SparcServer and a 20-processor KSR1 — to implement a global parallel
genetic algorithm (PGA) for a cell placement problem. Relatively good performances were
reported only on the NERV multiprocessor (speed-up of 5 using 6 processors, compared to
a speed-up of 2 with 8 processors on the SparcServer and 3 with 20 threads on the KSR1)
due to the very low communication overhead of the machine. Recently, Chen, Nakao and
Fang (1996) applied a master-slave strategy to image restoration problems using a cluster
of IBM RISC6000 (from 1 to 20 machines). The best speed-up (10) was reported when 15
processors were used.

A different, asynchronous perspective is mentioned by Hoffmeister (1991) when only the
fitness evaluation is to be performed in parallel. Slave processes are no longer synchronized,
which may help avoid processor idle time. It does not seem, however, that this research
direction has been explored any further.

It thus appears that global parallelization strategies are limited. Indeed, while fitness
evaluation is a time-consuming operation and is a likely candidate for efficient paralleliza-
tion, the case is less obvious concerning the genetic operators: their application is generally
simpler and the extra cost of partitioning the population among processes and the resulting
communications may offset the gains of parallel treatment, especially on distributed-memory
architectures.

3.2 Simulated Annealing

A major issue in designing parallel simulated annealing (PSA) methods is whether the par-
allelization strategy affects the statistical convergence properties of the simulated annealing
method. The issue has been central to all development efforts in the field and a serious



debate on whether specific parallel strategies do indeed affect the convergence properties,
or whether this impact is really significant has been animating the PSA community. In the
present review, we consider that PSA methods use low-level parallelism if they do not, or
are assumed not to, affect the convergence of the method and do not modify the search
trajectory of the sequential SA.

An iteration of the sequential simulated annealing algorithm consists of four main steps:
select a move, evaluate the cost function, accept/reject the move and replace the current
solution if the move is accepted. T'wo main approaches are used to design Type 1 parallel
simulated annealing methods: single-trial parallelism where only one move is examined at a
time, and multiple-trial strategies where several moves are evaluated simultaneously (Aarts
and Korst, 1989; Roussel-Ragot and Dreyfus, 1992).

In single-trial methods, functional parallelism is applied to some of the computations
that make up an SA iteration: one process implements the sequential SA and decomposes
computing intensive tasks into smaller problems which are assigned to the other processors.
Kravitz and Rutenbar (1986), who studied the cell placement problem (an important com-
ponent of VLSI layout design) on multiprocessor computers, applied such a strategy and
decomposed the move-evaluation step. They reported moderate speed-ups (2 on 3 proces-
sors), which they did not expect to improve with more processors. See also Bannister and
Gerla (1989) for a single-trial implementation.

The single-trial strategy clearly does not alter the algorithmic design or the convergence
properties of the sequential SA, which explains its initial appeal. It is, however, strongly
dependent on the application and implementation. Furthermore, it tends not to speed up
computations significantly. Hence, research has moved toward strategies, such as multiple-
trial approaches, where a higher degree of parallelism may be attained.

In multiple-trial parallelizations, each processor executes the four steps of a simulated
annealing iteration. This does not raise particular problems for the first three steps since
these tasks are essentially independent for different potential moves. The replacement step
is, however, a fundamentally sequential operation: only one modification operation may be
executed at any given moment on the current solution. Consequently, executing this step
in parallel may cause significant problems. Consider, for example, two processes that start
from the same solution. Each selects a move, evaluates it and determines that it may be
accepted. Each evaluation, performed concurrently with the other, assumes that the initial
configuration is not changed. Then the two accepted moves are implemented, sequentially.
But, as soon as one of the two moves is implemented, the evaluation of the other one is no
longer valid and its implementation may lead to a configuration and cost function evaluation
significantly different from what was computed by the individual process.

The concurrent execution of the replacement steps may thus yield erroneous evaluations
of the cost function, resulting in a search trajectory different from the sequential one or
even in violation of the statistical convergence hypotheses of the SA method. How to
avoid this problem or to control the amplitude of the error introduced by the multiple-trial



parallelization strategies constitutes a central issue in the literature on parallel simulated
annealing procedures.

According to our classification, multiple-trial implementations that belong to Type 1
parallelism correspond to methods where the parallel trials start from the same solution,
have access to moves in the entire neighbourhood, and always result in an error-free cost
function evaluation. The error-free evaluation is achieved because the replacement of the
current solution is either restricted to a single accepted move (the others being discarded) or
to moves that do not interact with each other. The latter approach is called the serializable
subset concept, where a serializable subset corresponds to a set of moves that always pro-
duces the same result when applied to the current state of the system, independent of the
order in which they are applied (a trivial serializable subset contains only rejected moves).

Witte, Chamberlain and Franklin (1990, 1991) studied assignment problems and pro-
posed a move-evaluation strategy that may be compared to the probing approach in tabu
search methods. Three processors were used for each move evaluation. One performs the
evaluation. The others two proceed as if the evaluation result is already known: one starts
from the current configuration (move rejected), the other from the configuration resulting
from an eventual move acceptance. Thus, when the decision of the first processor is known,
one process is killed, while for the other one some work has already been accomplished.
The number of levels in the tree can grow until the pool of processors has been exhausted.
While imaginative, there is much unnecessary work done (in addition to the usual commu-
nication and dispatch overhead) and performances have not been very impressive. In fact,
the authors reported a speed-up of 2.6 when 8 processors were used. Nabhan and Zomaya
(1995) improved somewhat the performances of this approach by modifying the informa-
tion that is exchanged among processes. Only the moves actually performed to reach the
new solutions are communicated, rather than the whole solutions as in the original method
by Witte, Chamberlain and Franklin. Nabhan and Zomaya reported modest performance
improvements for small problems (20-city TSP). The speed-up improved when the problem
size was increased (almost 3.5 for 6 processors, for a 100-city TSP).

Roussel-Ragot and Dreyfus (1990, 1992; see also Roussel-Ragot, Kouicem and Dreyfus,
1990) studied the cell placement problem and experimented (for 25, 49 and 81 cells) on net-
works of transputers. Two network sizes were used: 3 and 6 “slaves”, plus one master that
monitored the annealing schedule, chose the accepted move, and updated the memories of
each processor. In the high temperature mode of the annealing schedule, all processors were
synchronized after the accept/reject step and one accepted move was chosen randomly to re-
place the current solution. In low temperature mode, processors computed asynchronously
until one processor accepted a move. Then, all processors were synchronized and updated
with the new current solution. Thus, there was no error in the evaluation of the cost func-
tion. Performances were not very good. Borut and Silc (1994) also proposed an error-free
PSA based on synchronization and random selection of the “new” global solution, but did
not report on their implementation.

Kravitz and Rutenbar (1987; see also Rutenbar and Kravitz, 1986) studied the same



problem, and implemented an error-free multiple-trial strategy where only noninteracting
moves were executed according to a simple serializable subset idea. This, however, resulted
in very poor performance in high temperature mode because of the considerable amount of
move cancellations.

We include these error-free multiple-trial implementations in the Type 1 parallelism cat-
egory based on the assumption that these strategies, where at each iteration all processes
have access to all potential moves, do not alter the search trajectory or the convergence
properties of the sequential SA (multiple-trial strategies where evaluation errors occur, such
as in Casotto, Romeo and Sangiovanni-Vincentelli, 1997, are classified as Type 2). The is-
sue is not, however, altogether settled. Thus, for example, in Banerjee, Jones and Sargent
(1990), the authors state that the error-free implementation of Kravitz and Rutenbar (1987)
has the same convergence properties as the sequential version, while in Roussel-Ragot and
Dreyfus (1990) it is stated that this same implementation “is quite different from the se-
quential one at high temperature since the acceptance ratio is not the same”. The debate is
not, however, of great practical significance since Type 1 error-free multiple-trial strategies
appear to display rather poor efficiency performances. In fact, to accept only one move
implies frequent synchronizations and a lot of wasted work. Even if the number of lost
moves decreases when the low temperature phase is reached, performances are significantly
affected. As for the serializable subset concept, identifying a good serialization for a given
subset of moves may prove to be as complex and computing-intensive as the resolution of
the initial problem.

3.3 Tabu Search

Low-level parallelism has also been applied to tabu search methods (Crainic, Toulouse and
Gendreau, 1997). These implementations correspond to a master thread which executes
a sequential tabu procedure, but the possible moves in the neighbourhood of the current
solution are evaluated in parallel by slave processors at each iteration. The slave processes
may evaluate only the moves in the set they receive from the master process, or may probe
beyond each move in the set. The master process receives and processes the information
resulting from the slave operations, and then selects and implements the next move. The
master also gathers all the information generated during the tabu exploration, updates the
memories, decides when to activate different search strategies — diversification, for example
— and when to stop the search.

Chakrapani and Skorin-Kapov (1992, 1993, 1995) studied quadratic assignment prob-
lems and proposed a Type 1 strategy which performs the evaluation of moves in the neigh-
bourhood in parallel. The implementation was developed for the Connection Machine CM-2,
a massively parallel SIMD machine, and was designed to take advantage of the special fea-
tures of the computer. The authors reported that for problems already described in the
literature, they either attained or improved the best known solutions, in a significantly
smaller number of iterations. Furthermore, they were also able to determine good sub-



optimal solutions to larger problems in reasonable time. A similar strategy has also been
proposed for the TSP (Chakrapani and Skorin-Kapov, 1993a).

Taillard (1991; see also, Taillard, 1993a) also addressed QAP problems and reported
experimental results on a ring of 10 transputers. The set of possible moves was partitioned
and each set was assigned to a different processor. Fach processor then evaluated the pair-
wise interchange moves and identified the best one. There was no specific master processor.
Instead, once a processor identified its best move, it broadcasted it to all other processors,
which then performed all the normal tasks of the master: selecting and implementing the
move, making the necessary adjustments and updates, partitioning the neighbourhood, etc.
No implementation details were given. Load balancing through partition of the neighbour-
hood was acknowledged as critical, but no indication was given on how it was performed. On
several problem sets proposed in the literature (essentially, the same set used by Chakrapani
and Skorin-Kapov, 1993) with problem instances up to size 100, Taillard reported very good
solutions, improving the best known values of many of the problems tested and obtaining
suboptimal solutions (conjectured but not proven to be optimal) for problems up to size 64.

Crainic, Toulouse and Gendreau (1995) studied and compared several synchronous par-
allelization strategies for a tabu search procedure for the location-allocation problem with
balancing requirements. Experiments were conducted on a heterogeneous network of SUN-
Sparc workstations. With respect to Type 1 parallelization approaches, two variants were
implemented: 1) slaves evaluated candidate moves only; 2) probing: slaves also performed
a few local search iterations (best results obtained with 2). The second variant performed
marginally better. However, both variants were outperformed by multithread (Type 3) im-
plementations. Another Type 1, master-slave parallelization scheme is presented by Garcia,
Potvin and Rousseau (1994) for the VRP with time-window constraints.

The success of Type 1 parallelizations for tabu search procedures appears more sig-
nificant than for genetic approaches or simulated annealing methods. Yet, even for TS it
depends heavily upon the problem characteristics. Thus, for problems where the neigh-
bourhood is very large but the time to evaluate and perform a given move is relatively
small, quadratic assignment and vehicle routing problems being classical examples, Type
1 parallelizations are very effective and near-linear speed-ups have been reported (Chakra-
pani and Skorin-Kapov, 1993). Performances are less interesting when the time required by
one serial iteration is relatively important compared to the total solution time, resulting in
executions with only a few hundred moves compared to the tens of thousands required by
a typical VRP tabu search, for example. Parallel methods which attempt a more thorough
exploration of the solution space than the sequential version appear to be superior (Crainic,
Toulouse and Gendreau, 1995, 1995a).
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4 Type 2: Parallelization by Domain Decomposi-
tion

Type 2 parallelization methods for metaheuristics are generally based on the decomposition
of the decision variable vector into disjoint subsets. The heuristic procedure is then applied
to each subset, the variables outside the subset being considered fixed. Such strategies are
generally implemented in some sort of a master-slave framework:

e A master process serially devises the initial partition. During the search, it regularly
modifies the partition. Modifications may be performed at intervals that are either
prefixed or determined during the execution, or when restarting the method.

o Slave processes concurrently and independently explore their assigned partitions. The
search may proceed exclusively within the partition, the other variables being consid-
ered fixed and unaffected by the moves which are performed, or they may have access
to the entire solution vector.

e When slaves have access to the entire neighbourhood, the master must combine the
partial solutions obtained from each subset into a complete solution to the problem.

Note that a decomposition based on the partition of the decision variable vector may
leave large portions of the solution space unexplored. Therefore, in many applications, the
partition is repeated to create different segments of the decision variables vector and the
search is restarted.

No genetic implementations and only one GRASP procedure have been found to follow
domain decomposition ideas. Therefore, this section addresses mainly simulated annealing
and tabu search methods.

4.1 Genetic Algorithms

Consider an individual binary representation of length n (binary representations are used
for simplicity of exposition considerations only). By fixing any set of n — p bits (genes, in
GA vocabulary) and stating that the remaining p bits are free and may take any value (this
corresponds to replacing their current values with a don’t care symbol in GA terms), one cre-
ates a schema (Holland, 1975; Goldberg, 1989) which represents all the possible individuals
obtained by assigning specific values to the p genes. The set of all such schemata represents
an implicit partition of the solution space. A parallel GA implementation based on Type 2
principles could then be built based on these schemata, according to two mechanisms. The
first corresponds to sequential GA operators applied exclusively to the p free genes of each
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schema. The second iteratively adapts the partition rules and selects the individuals that
will yield the schemata.

We have found no parallel GA implementation that follows these mechanisms, or any
other idea of individual representation partition. All the PGA we encountered in the lit-
erature that incorporate partition principles take advantage of the “natural” parallelism
inherent to evolutionary techniques and work on population partitions.

We consider, however, that parallel genetic algorithms based on several subpopulations
belong to Type 3 strategies. We justify this classification with the observation that even
when processes are initiated with different sets of individuals, which may form a partition of
some initial population, genetic operators tend to homogenize the subpopulations. In fact,
because the genetic operators are not restricted to a subset of genes, one may potentially
obtain any individual of the population, starting from any of the individuals of any particular
subpopulation. Hence, the individual GA process is not restricted to given subpopulations;
it has access to the whole population. Therefore, these methods do not work on true
partitions of the variable vector or of the solution space.

4.2 GRASP

We found one Type 2 parallel implementation of the GRASP method in Feo, Resende and
Smith (1994). Here, large instances of the maximum independent set problem were solved
by decomposing them into many smaller problems distributed among processors and each
solved by a sequential GRASP. Almost linear speed-ups were reported on an Alliant FX/80
computer with 8 processors.

4.3 Simulated Annealing

Most multiple-trial parallelization strategies for simulated annealing methods are based on
the partition of the data structure. Two main approaches may be identified. The first, which
corresponds to the so-called error-free algorithms, attempts to avoid evaluation errors and
the loss of convergence properties via a strict partition of the move set and the restoration
of the global state (evaluation of the objective function) following each synchronization. In
the second approach, errors are admitted and the emphasis is on controlling the amount of
erroneous computation.

Note that for PSA algorithms executed on shared-memory systems, it is not costly to
regularly update the global state of the current solution such that errors do not accumulate
during the computation. In distributed systems, however, each processor has its own copy
of the data, including the “current” solution, and such global updates are costly in commu-
nication time. Thus, significant errors may accumulate locally. Trade-offs must be achieved
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between the frequency of the global state update and the level of error in the PSA com-
putation, and many studies have addressed the issue of how much error may be tolerated.
(e.g., Banerjee, Jones and Sargent, 1990; Durand, 1989; Hong and McMillin, 1992; etc.).

Felten, Karlin and Otto (1985) studied the TSP and experimented with 64 cities using
up to 64 processors on a hypercube computer. An initial tour configuration was randomly
generated and partitioned into P subsets of adjacent cities. Each subset was then assigned
to one processor. Each processor performed local swaps on adjacent cities for a number of
iterations, followed by a synchronization phase where cities were rotated among processors.
Parallel moves did not interact with each other due to the spatial decomposition of the
decision variables, and each synchronization phase ensured the integrity of the global state.
Hence, there was no error. Almost linear speed-ups were reported. A similar approach was
used for the TSP by Allwright and Carpenter (1989), and by Devadas and Newton (1986)
for the topological optimization of the multiple level array logic problem (on a Sequent
Balance 8000 computer). Both used a similar spatial decomposition scheme and reported
similar behaviours and speed-ups.

Bongiovani, Crescenzi and Guerra (1995) studied the shape detection problem and pro-
posed an error-free PSA, strongly inspired by the particular characteristics of the prob-
lem. In this problem, given a shape represented in terms of parameters and an image,
the occurrences of the shape in the image must be identified by estimating good values for
the parameters. The authors formulated the problem as an optimization model aimed at
minimizing the difference between the given image and the image obtained by the set of
parameters, and experimented on a Encore Multimax computer with 16 processors. Their
PSA used functional decomposition (single-trial, Type 1 parallelism) at high temperatures,
and a multiple-trial strategy at low temperatures. An error-free computation was ensured
by restricting the moves to the same sub-image.

Many of the studies proposing Type 2 parallelization approaches have been directed to-
wards the VLSI design - cell placement problem, including Casotto, Romeo and Sangiovanni-
Vincentelli (1986, 1987) who experimented (for 4, 6, 30, 101 and 122 cells) on up to 8 pro-
cessors of the Sequent Balance 8000 shared-memory parallel computer. In this approach,
the set of cells was partitioned into P subsets and each subset was assigned to a different
processor. Moves (swaping the position of two cells) were generally restricted among cells
in the same subset and were performed asynchronously. When a move involved cells on
two different subsets, the processor that initiated the move synchronized with the other
processor for the cell exchange. However, although the set of cells was partitioned and
moves were generally restricted to the same subset, the cost function involved variables
other than the cells themselves. Therefore, parallel executions of the last step of the an-
nealing iteration interacted with each other and created errors in the cost evaluation. The
authors addressed the issue of identifying partitions that reduced the errors and discussed
the impact of clustering and dynamic partition modification schemes on the number of er-
roneous moves (between cells in different subsets). The authors also noted that, since the
computation was asynchronous, the parallel search trajectory deviated from the sequential
one, and that the error went to zero as the temperature decreased. This second result,

13



often mentioned in PSA literature, is easily explained by the fact that as temperatures
decrease, fewer and fewer moves are accepted. Finally, the authors indicated that the errors
introduced at high temperatures did not seem to affect the performances of the parallel
method and report a speed-up close to 1. Similar observations were made (Casotto, Romeo
and Sangiovanni-Vincentelli, 1987a) when massive parallelism was applied to the same cell
placement problem using the Connection Machine. The authors noted, however, that the
error increased with the number of moves executed in parallel.

One of the reasons for partitioning variables among processors is to prevent the same
variable from being involved simultaneously in more than one move. This same goal can
be achieved, however, by locking the variables involved in a move. In the PSA context, this
mechanism allows, at any given time, only one processor, which owns the lock, to update a
given variable. Any processor that attempts to execute a move involving a locked variable
can either wait for it to become available or attempt a different move.

Locks have been used by Jayaraman and Rutenbar (1987) for the floorplanning prob-
lem on a distributed-memory hypercube. Processors were clustered and each cluster was
assumed to implement an error-free parallel move evaluation. Locks reduced the movement
of data among clusters. The access rights were modified during computation such that each
cluster could have access to the whole solution space. Each cluster performed several moves
before the global state was restored through synchronization. Such a “lazy” restoration
strategy resulted in a significant amount of evaluation error. A maximum speed-up of 7.5
on 16 processors was reported. A similar mechanism was used in Darema, Kirkpatrick and
Norton, (1987) for the cell placement problem. There was an overhead for imposing locks,
however. The authors reported an overhead of 1% and 11% respectively for the two par-
allelization methods tested, and indicated that the overhead increased with the number of
processors for both methods.

Banerjee, Jones and Sargent (1990)) studied the cell placement problem, and experi-
mented (for 32, 64, 183, 286, 469 and 800 cells) with 4 to 16 processors of a hypercube
distributed-memory system. Cells were partitioned into subsets and moves interacted with
each other. The issue of tolerance to error was explicitly addressed and an “integrated error
control” scheme was proposed. Similar work is described in Jones and Banerjee (1987),
Sargent (1988), and Rose et al. (1986) for the cell placement problem, as well as in Brouwer
and Banerjee (1988) for the channel routing problem. Jayewardena (1990) applied the same
decomposition ideas to the image reconstruction problem on a network of transputers.

Jayaraman and Darema (1988) specifically addressed the issue of error tolerance for par-
allel simulated annealing methods. The set of cells of a placement problem was partitioned
into subsets such that two processors would not try to move the same cell. Each processor
had a local view of the global state. The authors studied the impact of the frequency of
synchronization and the number of processors on error tolerance. As expected, they found
that the error increased as the frequency of synchronizations decreased and as the number
of processors increased. The combined error created by synchronization and parallelism af-
fected the convergence of the simulated annealing algorithm, of which parallelism emerged
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as the most important factor.

A similar study can be found in Durand (1989). Vertices of the graph partitioning
problem were affected to different processors of a shared-memory system. The author tested
different levels of synchronization to measure the impact on the errors generated. The tests
showed that PSA was tolerant to temporary error (frequent synchronizations) but at the
cost of computation efficiency. On the other hand, when synchronization was relaxed, the
error increased with the number of processors. An even more detailed analysis of the PSA
error tolerance can be found in Hong and McMillin (1992). As for Greening and Darema
(1989), they studied the partition shape and showed that it affects the cell mobility and
the cost function errors. Different partition shapes can increase or reduce the frequency of
synchronizations required to keep the same quality of convergence.

Greening (1990, 1990a) also studied the impact of evaluation errors on the convergence
properties of the parallel SA method and analyzed the respective effects of instantaneous
and accumulated errors. The author also addressed the issue of the error-free multiple-
trial implementations based on spatial decomposition (e.g., Felten, Karlin and Otto, 1985;
Allwright and Carpenter, 1989; Devadas and Newton, 1986). Indeed, although several
authors (Banerjee, Jones and Sargent, 1990; Casotto, Romeo and Sangiovanni-Vincentelli,
1987; Darema, Kirkpatrick and Norton, 1987) considered these implementations to behave
like the sequential SA, for Greening these procedures were unable to mimic the statistical
properties of the sequential SA method. According to this author, the spatial decomposition
“changes the pattern of the state space exploration, and thus changes the expected solution
quality and execution time”. The authors of the present paper are not aware if this debate
about the statistical behaviour of some multiple-trial implementations is still open in the
PSA community. However, since there is no doubt that the search trajectory is indeed
modified by a Type 2 parallelization, we tend to sit with Greening on this issue.

A somewhat different type of PSA implementation was reported by Banerjee and Jones
(1986). The authors addressed the cell placement problem on a hypercube with the same
number of processors as cells to place. Moves were evaluated in parallel by having processors
on the same dimension interact. Accepted moves were then broadcasted. This method was
very communication intensive: some 58% of the time processors communicated or waited
for data. Furthermore, the approach appears difficult to scale. For the same problem,
Rose, Snelgrove and Vranesic (1990) proposed a hybrid where the high temperature mode
of the SA method was replaced with an heuristic that assigned cells to the chip. The low
temperature phase was then executed in parallel.

Boissin and Lutton (1993) developed a parallel SA that can be implemented on a mas-
sively parallel computer. Experiments were performed using two combinatorial optimization
problems: the QAP, and the unconstrained minimization of a 0-1 quadratic function. In-
teresting performances were reported on a 16K Connection Machine. Wong and Fiebrich
(1987) reported another massive parallel SA implementation.
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4.4 Tabu Search

Typical tabu search implementations of Type 2 parallel strategies partition the vector of
decision variables directly and perform a search on each subset. This approach was part
of the preliminary experimentation in the study of synchronous parallel methods for tabu
search undertaken by Crainic, Toulouse and Gendreau (1995). It performed poorly, mainly
because the nature of the class of problems used for testing — multicommodity location with
balancing requirements — which requires a significant computation effort to evaluate and
implement moves, and thus results in a limited number of moves for the entire search.

More success was been achieved by Type 2 parallel methods proposed for problems for
which numerous iterations may be performed in a relatively short time, and thus restarting
the method with several different partitions does not require unreasonable computational
efforts. TSP and VRP formulations belong to this class of applications.

Fiechter (1994) studied the TSP. For the intensification phase of the method he pro-
posed, each process optimized a specific slice of the tour. At the end of the intensification
phase, processes synchronized to recombine the tour and modify (shift part of the tour to
a predetermined neighbouring process) the partition. To diversify, each process determined
among its subset of cities a candidate list of most promising moves. The processes then syn-
chronized to exchange these lists, so that all would build the same final candidate list and
apply the moves. The algorithm was implemented on a network of transputers arranged in
a ring structure. The author reported near-optimal solutions to large problems (500, 3000
and 10000 vertices), and almost linear speed-ups (less so for the 10000-vertex problems).

Taillard (1993) studied parallel TS methods for vehicle routing problems. His par-
allelization strategies were simulated using four processors on a Silicon Graphics 4D /35
workstation for a classical set of problems ranging from 50 to 199 cities (Christofides, Min-
gozzi and Toth, 1979), and on a non-Euclidean 385-city problem based on actual distances
and population figures from a Swiss region. The first strategy applied to Euclidean prob-
lems with uniformly distributed cities. It decomposed the domain into polar regions, to
which vehicles were allocated. Each subproblem was then solved by an independent tabu
search. All processors were synchronized after a certain number of iterations (according to
the total number of iterations already performed), and the partition was modified: tours,
undelivered cities and empty vehicles were exchanged between adjacent processors. Load
balancing problems seemed to impair this approach. The second strategy was aimed at
non-Euclidean problems, or problems where cities were not uniformly distributed. The
main difference between the two strategies appeared in the partitioning method (the space
was partitioned based on the arborescence build by the shortest paths from the depot to
all cities), and in the information that is exchanged (the best solution only).

Porto and Ribeiro (1995, 1996; see also Porto, Kitajima and Ribeiro, 1996) studied

the task scheduling problem for heterogeneous systems and proposed several synchronous
PTS procedures where a master process determined and modified partitions, synchronized
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slaves and communicated the best solutions. Several communication schemes were evaluated
on an IBM 9076 Scalable POWER 1, using PVM, for varying number of processors and
problem sizes. Interesting results were reported, even for strategies involving a high level of
communications. Almost linear speed-ups were observed, better performances being notted
for larger problem instances.

It is worth noting that currently, one of the most successful sequential metaheuristics
for the VRP is a tabu search method called adaptive memory (Rochat and Taillard, 1995;
Glover, 1996). In this approach, cities are initially separated into several subsets, and
routes are built using a construction heuristic. These initial routes are then stored in a
structure called an em adaptive memory. A combination procedure then builds a complete
solution using the routes in the memory, and the solution is further improved using a tabu
search method. The routes of “good” solutions are then deposited into the same memory,
which thus adapts to reflect the current state of knowledge of the procedure. The process
then starts again with a new solution built from the routes stored in the adaptive memory.
The method stops when a prespecified number of calls to the adaptive memory have been
performed. This approach clearly implements the principles of Type 2 decomposition using a
serial procedure — see also the interesting developments in the vocabulary building strategies
for tabu search proposed by Glover (1996). Adaptive memory principles are now successfully
applied to other problem classes and are opening interesting research perspectives (Glover,
1996). However, interestingly enough, most parallel applications of this approach are now
found in multithread strategies (Type 3).

5 Type 3: Multiple Search Strategies

Parallel methods, which consist of several concurrent searches of the solution space, are
classified as Type 3 parallelization strategies. These methods may or may not use the same
metaheuristic approach. They may start from the same or different initial solution and
may communicate during the search or only at the end to identify the best overall solution.
Communications may be performed synchronously or asynchronously, and may be event-
driven or executed at predetermined or dynamically decided moments. These strategies
belong to the p-control class according to the taxonomy proposed by Crainic, Toulouse and
Gendreau (1997), and are identified as multiple-walk by Verhoeven and Aarts (1995).

Multiple search strategies may be further divided into two classes: independent and
cooperative approaches. In the former, several searches are initiated and the best result
is selected at the end from among the results of the individual processes. Independent
search approaches are thus equivalent to an accelerated restarting strategy. To define a
cooperative multiple search, a number of important parameters must be further decided
upon (Toulouse, Crainic and Gendreau, 1996):

e the connection topology defining how processes are linked;
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the method of communication (broadcast, propagation, using a central memory, etc.)

the processes between information exchanges are to be performed;

the type of communication — synchronous or asynchronous;

the time when to exchange information;

the information to exchange.

The setting of these parameters may have a significant impact on the behaviour of the
parallel procedure and the search performance. This is opening up new research avenues
and we will return to this issue in the conclusion of this paper.

5.1 Genetic Algorithms

We find in the multiple search category the most widely used form of parallel genetic algo-
rithms. Two main parallelization strategies are found: coarse and fine-grained parallelism.

For coarse-grained parallel genetic algorithms, parallelism is obtained by replicating the
approach used in global PGA on several processors across subpopulations. Usually, the same
genetic algorithm is used for all populations, although some researchers (e.g., Schlierkamp-
Voosen and Miihlenbein, 1994; Herdy, 1992) have pondered the possibility of using different
strategies for different populations. A migration operator is added to the list of genetic
operators. It allows the exchange of information among subpopulations. The emigration
policy determines how individuals are selected: best-fit, randomly, randomly among better
than average individuals, etc. The migration rate specifies if migration involves only one
individual at a time, or a pool of selected individuals. The migration interval determines
when migration may take place, and it is usually defined in terms of a number of gen-
erations. The immigration policy indicates how individuals are replaced in the receiving
subpopulation: worst ones dropped, random selection, random selection among the less fit
individuals, etc. The information exchanges are further determined by the neighbourhood
structure. In the island model individuals may migrate towards any other subpopulation,
while in the stepping-stone model only direct neighbours are reachable. (In this latter ap-
proach, neighbourhoods overlap to allow for propagation of individuals). In general, the
connection structure of the processors of the parallel machine on which experiments are
carried out determines the connection topology defining how subpopulations are linked.
Migration may be performed either synchronously or asynchronously.

Tanase (1987) proposed a stepping-stone model on 4-D hypercube topology applied
to a class of Walsh polynomials (the “Tanase functions”). Migration (fixed rate, random
selection from the best) occurred at regular, 5-generation intervals along one dimension of
the hypercube; each subsequent migration took place along a different dimension. Two
approaches were studied: same search strategy applied to all subpopulations and different

18



strategies. Results were reported for 2, 4, 8, 16, 32 and 64 processors; they indicated that:
1) parallel methods with different parameter values seem to perform well without knowing
the best parameter settings; 2) parallel versions find results of similar quality to serial GA
with near linear speed-ups.

Tanase (1989) also performed an extensive study of migration parameters. Two main
conclusions emerged. First, extreme policies, such as migrating many individuals too of-
ten or few individual very infrequently, degrade performances. This result confirmed the
pioneering ones of Grosso (1985). Second, even without migration, the parallel GA outper-
forms the serial procedure. The migration operator is further studied by Seredynski (1994)
in the context of dynamic mapping and load balancing problems. Parameters such as the
frequency of migrations, the number and selection strategy of the individuals for each mi-
gration, and the strategy for incorporating individuals in a new population were analyzed
and tested.

Belding (1995) extended Tanase’s work using the Royal Road functions (Holland, 1993)
with KSR1 and KSR2 parallel computer systems. Migration destinations were chosen ran-
domly. The author reported that, in general, the global optimum was found more often
when migration was used than otherwise. Surprisingly, faster convergence was observed
when the migration rate was high. The results of the study conducted by Munetomo,
Takai, and Sato (1993) further emphasized the impact on the performances of distributed
PGA of the frequency of exchanges among subpopulations. Similar results were reported
by Kommu and Pomeranz92 (1992 who showed that with proper communication the size
of each subpopulation could be substantially reduced, thus improving the computational
efficiency, without decreasing the quality of the final solution.

Pettey, Leuze and Grefenstette (1987) implemented a model where the best individual
found at each generation in each subpopulation is broadcasted to all other subpopulations.
The model was applied to functions F1 to F5 from De Jong’s Test Suite (De Jong ) using
1, 2, 4, 8 and 16 Intel iPSC/2 processors, for population sizes of 50, 100, 200, 400 and 800,
respectively. Pettey and Leuze (1989) further explored this implementation.

Cohoon et al. (1987) developed an island model to study the role of migration on
the level of evolutionary change and evolution. The authors observed that new solutions
were often found shortly after new individuals were mixed into the population. They also
observed that the exchange topology was not important for the performance of the parallel
GA, as long as communication lines were dense and short. They experimented with a
placement problem and the parallel GA with migration outperformed the corresponding
parallel GA without migration and the serial GA. Later, Cohoon, Martin and Richards
(1991a,b) and Cohoon et al. (1991c) extended the results to various problems in VLSI and
floorplan design.

Miihlenbein, Schomisch and Born (1991,b) described a stepping-stone model applied

to difficult function-optimization problems. Experimentations were reported for 4 and 8
transputers. The basic strategy is quite classic: the same search strategy for all processes,
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a variable migration interval and the exchange of the best individuals. The authors intro-
duced, however, a very important addition: when a subpopulation did not improve for a
certain number of generations, a local hill-climbing heuristic was applied. This approach
obtained very good results. It was noted, however, that including the local optimizing pro-
cedure made it difficult to exactly determine the relative importance for the quality of the
method of the heuristic and the parallel GA. The success of the approach has convinced,
however, most of the PGA community and it is now widely used.

Schnecke and Vornberger (1996) proposed a PGA for the VLSI placement and routing
problem using 12 transputers of the Parsytec parallel computer. Each processor executed
a different GA strategy. There was no migration among the subpopulations; rather the
paper emphasized the self-adaptation of the search strategies. Thus, at fixed intervals, the
different GAs were ranked and the search strategies were adjusted according to the “best”
one by importing some of its characteristics (mutation rate, crossover rate, etc). The paper
refers to several other papers where self-adaptation strategies were developed and tested. In
particular, Lis (1996) applied self-adaptation to the mutation rate. The author implemented
a farming model where a master processor managed the overall population and sent the same
set of best individuals to slave processors, each of which had a different mutation probability.
Periodically, according to the mutation rate of the process that obtained the best results,
the mutation rates of all slave processors were shifted one level up or down and populations
were recreated by the master processor using the best individuals of the slave processors.
Starkweather, Whitley and Mathias (1991; see also Whitley and Starkweather, 1990a,b)
also suggested that an adaptive mutation rate might help achieve better results for PGA.
The same authors also noted that if partial solutions could be combined to form better
solutions, then a parallel GA would probably outperform a serial GA. If on the other hand,
the recombination generally yielded a less-fit individual, the serial GA would outperform
the PGA.

Davis, Liu and Elias (1994) applied a parallel GA to the VLSI circuit synthesis problem
using 20 SPARC workstations. Although the computer architecture offered distributed
memory, the implementation made use of the Linda language, which creates a virtual-shared
memory programming environment for the cluster of workstations. Three parallelizations
were compared: global (low-level), coarse-grained interacting and non-interacting PGA.
Best solutions were obtained by the coarse-grained interacting implementation, followed by
the global approach, with the non-interacting PGA obtaining solutions that were worse than
those obtained with the sequential version. The three parallel versions used approximately
the same computation time for a fixed number of generations.

Shonkwiler (1993) made use of independent searches. The same genetic algorithm was
run on each processor (using different seeds for the random number generator), and there
was no migration among the populations other than gathering the end results. The paper
reports on the experimentations conducted on a cluster of SunSparc stations (2, 4 and 6
stations) on the password, the Sandia Mountain and the Inverse Fractal problems. (See also
Ghannadian, Shonkwiler, and Alford, 1993 and Miller and Shonkwiler, 1992). Superlinear
speed-ups were claimed and a probabilistic model was proposed to explain the performance
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of the independent search method. Similar models have also been proposed for independent
searches using different metaheuristics, namely by Taillard (1993) and Battiti and Tecchiolli
(1992).

An interesting hierarchical coarse-grained PGA was reported by Branke, Kohlmorgen,
and Schmeck (1995): each subpopulation was assigned to a cluster of processors, classical
Type 1 parallelism being implemented on each cluster. Migration was permitted once the
average quality of the individuals in subpopulations reached a certain level. Hence, since
not all subpopulations evolved at the same speed, the ones that had attained the specified
level lent processors to the other subpopulations.

Levine (1996) proposed a stepping-stone PGA for the set partitioning problem, a dif-
ficult combinatorial formulation often encountered in routing and scheduling applications,
most predominantly in air crew scheduling. Each subpopulation comprised 100 individuals
and migration was initiated every 1000 iterations. The best individual in a subpopulation
was selected to migrate and it replaced an individual selected in the receiving population,
by a probabilistic tournament. Each subpopulation exchanged individuals with its four
neighbours (subpopulations were arranged in a two-dimensional toroidal mesh), alternating
among them each migration. Experiments were conducted using from 1 to 128 processors
(by steps of powers of 2) on an IMP SP with 128 nodes, each of which was an IBM RS/6000
Model 370. Several medium problems (few rows, less than 3000 columns) and a few medium
to large problems (8000 to 45000 columns and 400 to 823 rows) were used for testing. Opti-
mal or near optimal solutions were obtained for the medium problems. No integer solution
was found on problem instances with many constraints. It was observed that increasing the
number of subpopulations was beneficial to the quality fo the solution.

Fine-grained parallelizations are asynchronous methods that divide the population into
a large number of subsets. Ideally, subsets are of cardinality one, each individual being
assigned to a processor. Each subset is then connected to several others in its neighbourhood
(the deme) and the genetic operators are applied through asynchronous exchanges between
individuals in the same deme only. The deme may be of fixed topology (consisting of
individuals residing in particular processors) obtained by a random walk or by applying a
given Hamming distance, etc. An individual is then selected from the deme and a crossover
operation is performed with the original individual. Selection may be based on various
criteria: local fitness distribution, tournament, local ranking, etc. Neighbourhoods generally
overlap to allow propagation of individuals or individual characteristics and mutations. Such
methods are also identified as massively parallel, because ideally a processor is assigned to
each individual, and as cellular models, because a parallel GA with a fixed topology deme
and a relative fitness policy may be shown to be a finite cellular automata with probabilistic
rewrite rules and an alphabet equal to the set of strings in the search space (Whitley, 1993).

Manderick and Spiessens (1989) experimented with a fine-grained GA on functions F1
to F'5, using a Symbolics Lisp Machine. The individuals of the population were placed on
a planar grid and a small, fixed-size neighbourhood was assigned to each individual. This
neighbourhood usually consisted of an individual’s neighbours on the grid. The application
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of selection and crossover operators was restricted to the neighbourhoods, contrary to a
sequential implementation. In the implementation of the algorithm on the DAP parallel
computer (1024 processors) described in Spiessens and Manderick (1990, 1991), all the
individuals were updated in parallel, if the population was not larger than the number of
Processors.

Miihlenbein, Gorges-Schleuter and Kramer (1987, 1988) applied a similar approach to
the TSP using an Encore computer, which is a shared-memory system. The size of the
neighbourhood was fixed to 4 neighbours, a local selection strategy was used, a hill-climbing
heuristic was applied to individuals, and GA operators were applied to the resulting local
optimum. Miihlenbein (1989) applied the same basic strategy to solve the QAP, but divided
the individuals into two equal subsets placed on two rings. Each individual thus had two
neighbours on each ring. A 64-processor transputer network was used. Later, Miihlenbein
(1991c) applied the same fine-grained PGA approach to the graph partitioning problem. In
the latter paper, the author suggested that different hill-climbing strategies could be applied
concurrently, but did not implement this strategy. See also Laszewski and Miihlenbein
(1991). Interesting overviews of Miihlenbein’s views on parallel genetic algorithms, their
design, the role of hill-climbing heuristics and their applications may be found in Miihlenbein
(1991, 1992 and 1992a).

Gorges-Schleuter (1989, 1991, 1991a) studied fine-grained PGA and applied the strategy
to the TSP using 64 processors of a transputer network. According to the author, similar
to complex physical systems, the global behaviour of genetic algorithms might be better
understood when viewed as an emergent phenomena resulting from the self-organization of
simple and locally interacting rules. Similar to Mithlenbein (1989), individuals were divided
into two equal subsets and placed on two rings. Demes were of size 8, and composed of
neighbouring nodes on the two rings — the demes were thus overlapping. The selection
was simple: one of the offspring replaced the parent. The mate for the crossover operation
was chosen either by proportional or linear ranking selection (Goldberg and Deb, 1991).
Several survival strategies (offspring replacing their parents) were tested and the strategy
that accepted only offspring fitter than the local parent yielded the best solution, the best
median solution and the lowest deviation.

Gorges-Schleuter also compared the similarity, with respect to the genotype, of demes
that were at a physically different distance from one another. It was reported that the
difference in the average Hamming distance between demes increased as the demes were
more physically distant. This proves the existence of “niches” in fine-grained PGA. The
author then described the impact of linear versus planar population structures on the gene
pool. He reported that the fast propagation of the planar structure allowed advantageous
genes to quickly overtake the whole population, but the very best solutions were missed.
In Gorges-Schleuter (1992), the author continued his study of the fine-grained PGA, and
examined the impact of different local mating strategies on the formation of niches. A
one-gene, two-allele model of individuals was used, and there were no selection or mutation
operators. Results showed that mate selection with one fixed parent was more capable of
producing stable local islands.
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Maruyama, Hirose and Konagaya (1993) introduced an asynchronous fine-grained PGA
applied to the graph partitioning problem using a cluster of workstations and a Sequent
Symmetry computer. The authors attempted to adapt fine-grained PGA to coarse-grained
parallel computer architectures. Each processor had an active individual and a buffer of
several suspended individuals. Active individuals were sent to all other processors. Proces-
sors then randomly selected one individual among those received from the other processors,
the new individual replacing one of the suspended individuals according to the fitness func-
tion. Crossover consisted of replacing part of the active individual by a part of one of the
suspended individuals. In an unusual approach, only one offspring was produced, the other
parts of the active and suspended individuals being rejected. Mutation was then applied
and the modified active individual was compared to the suspended individuals. If it could
not survive, it was then replaced by one of the suspended individuals according to the fit-
ness function. Tests were performed with 15 processors for the Sequent Symmetry and 6
processors for the cluster of workstations. The authors reported near linear speed-ups for
the same quality of solution on both types of coarse-grained architectures. A similar ap-
proach was proposed in Maruyama, Konagaya and Konishi (1992), with the difference that
the buffer for each processor contained only individuals received from the other processors.

A similar “logical” fine-grained algorithm for coarse-grained computers was proposed by
Tamaki and Nishikawa (1992), for the job shop scheduling problem. It is a logical parallel
method because it was first implemented on a sequential computer, then implemented on 6
and 12 transputers to speed up the computation. The demes were composed of individuals
at a Hamming distance of 1. Selection was based on the local fitness distribution, crossover
chose a mate randomly in the neighbourhood, and mutation was performed using one bit
selected randomly. Implementing fine-grained PGA on coarse-grained computers was also
one of the objectives of Voigt, Santibdnez-Koref and Born (1992; see also Boigt and Born,
1990). The algorithm was applied to the F6 function using transputers. There was an
initial level of selection and reproduction operators in the local environment; these local
environments being linked according to the interconnection structure of the coarse-grained
computer. Then, there were selection and reproduction policies for the interactions among
local environments. The authors experimented with 1 to 7 processors and different fixed
topologies to define the demes: ring, torus, lattice, hypercube, etc. Hill-climbing was applied
when an individual did not improve for a given number of generations. Selection used a
ranking scheme, and the offspring replaced the worst neighbour if its fitness was better. The
best results were obtained for ring local environments with 3 individual demes. Additional
fine-grained, cellular, PGA were proposed by Sannier and Goodman (1987), Talbi and
Bessiere (1991, 1991a), Muntean and Talbi (1991), etc.

Collins and Jefferson (1991) developed a fine-grained PGA for the multilevel graph
partitioning problem using the massively parallel Connection Machine. The main goal of
the paper was to characterize the difference between panmictic (i.e., at the level of the
entire population) and local selection/crossover schemes. It is known that panmictic se-
lection/crossover converge on a single peak of multimodal functions, even when several
solutions of equal quality exist. Tests were performed on a function with two optimal so-
lutions, and the panmictic approach never found both solutions. The authors noted that
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modifications to the panmictic selection and crossover operators that changed this behaviour
made use of global information which was not suited for parallel implementation. On the
other hand, local selection and crossover displayed an obvious parallelism. In these imple-
mentations the demes were made of a random walk on a 1- or 2-dimensional grid, the deme
size being a function of the length of the random walk. Selection was local from the random
walk and used local fitness distribution and local linear ranking. The experimentation used
16000 processors, for a population size of 2!3 to 2!°. The method using local selection and
crossover consistently found both optimal solutions, was resistant to premature convergence
because each deme could have explored different peaks, found optimal solutions faster, and
was more robust. Gordon (1994) further compared the natural parallelism available in
global, coarse-grained and fine-grained PGA. See Maniezzo (1993) for another example of
fine-grained parallel implementation on the CM@ Connection Machine.

Schwehm (1992) implemented a fine-grained PGA on a massively parallel computer, the
MasPar MP-1 using 1024 of the 16384 processors. The author investigated which network
topology was best-suited to fine-grained PGA. The diameter of the network determined how
long it took for good solutions to propagate over the entire environment. Long diameters
isolated phenotypes with little chance of combining good alleles. Short diameters prevented
genotypes to evolve since good solutions soon dominated, which lead to premature con-
vergence. The author tested the following 5 topologies: ring of 1024 elements; torus of
32 x 32 elements; 3-cube of 16 x 8 x 8 elements; 5-cube of 4° elements, 10-cube of 2'°
elements. The torus showed the best results: higher and lower dimensionality resulting in
slower convergence. A similar study on the interconnection topologies of fine-grained PGA
may be found in the papers of Baluja (1992, 1993). According to Baluja, the overlapping
populations of the cellular PGA corrects the drawback of coarse-grained PGA where con-
vergence of a subpopulation to an equilibrium state may prevent the incorporation of new
material because of its incompatibility with existing information. However, subpopulations
of cellular PGA can also be dominated by the genotype of strong individuals. Three differ-
ent topologies were studied regarding their capability to prevent this problem. Numerical
results suggested that 2D array topologies obtain the better results. The author also sug-
gested that a more rigorous model of the interactions in PGA is needed since we still do
not fully understand the complexity added by these interactions to the behaviour of this
particular metaheuristic.

Few authors compare the respective performances of coarse and fine-grained parallel
genetic algorithms, and conclusions are generally not clear-cut (Cantu-Paz, 1995). For
example, Baluja (1993) compared one coarse-grained and three fine-grained algorithms and
found the latter to perform better, while the tests conducted by Gordon and Whitley (1993)
indicated opposite conclusions. Baluja argues that the difficulty in defining a performance
measure equally adaptable to the two parallelization types plays a major role in our inability
to conclude on their relative performance.
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5.2 Simulated Annealing

Numerous efforts to develop Type 3 parallel simulated annealing strategies, either indepen-
dent or cooperative, are reported in the literature. A very interesting development in PSA
consists in the systematic inclusion of principles and operators from genetic algorithms in
simulated annealing multithread procedures. These hybrids tend to perform very well.

Aarts et al. (1986) proposed the first Type 3 parallelization scheme for simulated an-
nealing, called division strategy by Aarts and Korst (1989). Rather than having several
processors execute moves from the same current solution or from a same subset of deci-
sion variables, processors worked independently on different short Markov chains. Let L
be the length of the Markov chain (number of iterations) executed by an SA program be-
fore reaching equilibrium at temperature ¢t. The division strategy consisted of executing
L/P SA iterations on P processors at temperature t. At the L/P-th iteration, the proces-
sors synchronized and one solution was chosen to be the initial configuration for the next
temperature. Hence, this was a synchronous cooperative scheme with global exchange of
information at each interaction. Unfortunately, the length of the chain could not be reduced
arbitrarily without significantly affecting the convergence properties. This was particularly
true at low temperatures where a large number of steps was required to preserve equilib-
rium. Consequently, at low temperatures, the processors were clustered and in each cluster a
parallel move strategy (Type 2) was applied. Monien, Ramme and Salmen (1995) presented
another example of this last strategy.

This strategy has been applied by Diekmann, Liiling and Simon (1993) to the TSP, the
graph partitioning problem and the link assignment problem, using a network of transput-
ers. The selection of the initial configurations was based on the Boltzmann distribution. A
speed-up of 85 over 121 processors was reported. According to the authors, the convergence
behaviour and the quality of solution were similar to the sequential algorithm and indepen-
dent of the number of processors. In their study of this type of parallelization strategy,
Aarts et al. (1986) had predicted an upper bound of 30 useful processors after which, the
speed-up and the quality of solution were supposed to decrease. Apparently, the results of
Diekmann, Liiling and Simon prove that the prediction was too pessimistic.

Interactions among processors are not limited to being executed only at the end of
each Markov chain. In fact, there is a wide variety of possibilities here. The simplest ap-
proach consists of only one interaction at the end. This corresponds to the independent
search model studied by Azencott (1992). Lee and Lee (1992a,b) also examined this ap-
proach, as well as variants where the SA threads interact periodically (the periods may be
fixed or dynamic) in synchronous or asynchronous modes. They used 2, 4, 8 and 16 In-
telPSC/2 processors, and a 32-processor BBN Butterfly GP1000 computer. For the graph
partitioning problem, dynamic interval exchange strategies generally performed best. Also,
asynchronous strategies where communications proceeded through a central memory (black-
board architecture) obtained solutions of equal or better quality compared to synchronous
parallel schemes.
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According to Laursen (1994), how to schedule these interactions is still an open problem.
The author proposed to use the selection and migration operators of PGA to help address
this issue. On each processor there were k simulated annealing procedures and all performed
concurrently for [ iterations. After the [ iterations, processors were paired and each migrated
(copied) a number of states to its pair. After migration, each processor had 2k states, and
this number was reduced to k by selection. These new k states were the initial configurations
from which the k£ concurrent simulated annealing processes on each processor restarted the
search. Experiments have been conducted for the QAP, the graph partitioning problem
and the weighted vertex cover problem using a network of 16 transputers. The author
tested three migration strategies: no migration, global and local (stepping-stone). Global
migration consisted of bringing the best states to a given processor, which then chose the
best among the best and broadcasted them to all processors. This strategy suffered a
10% to 25% overhead in communication cost and produced very bad solutions. The no
communication (migration) approach was the fastest strategy but produced lower quality
solutions compared to the local migration strategy, which incurred a 2% overhead.

Another PSA division strategy with coordination inspired from the GA operators is
presented in Mahfoud and Goldberg (1995). In their paper, n Markov chains were evaluated
concurrently. The SA-GA hybrid algorithm proceeded as follows: after n/2 iterations, two
parents were selected from the population of the n current solutions. Two children were
generated using a GA crossover operator, followed by a mutation operator. Probabilistic
trial competitions (i.e., the winning probability depends on the current temperature and
the relative difference between the fitness evaluation of the individuals that are competing
with each other; several such competitions may be defined according to the exact winning
probability formula, as well as the exact competition rules: one on one, the parents combined
versus one of the offspring, etc.) were held between the children and the parents and
the replacement step was performed according to the outcome of the competition. The
temperature was lowered when the population reached equilibrium. The parallelization of
this algorithm is straightforward. It divided the population of n Markov chains into P
subpopulations of n/P Markov chains. Crossover, mutation and probability trials were
applied to individuals of each local subpopulation. Two prototypes were implemented on
the CM-5 Connection Machine, one synchronous and one asynchronous. In synchronous
mode, the migration operator periodically sent the subpopulations (distributed memories)
to a master processor that randomly redistributed the individuals to different processors.
In asynchronous mode, processors were periodically paired and (n/P)/2 individuals were
exchanged.

A different approach to building genetic-annealing parallel methods was proposed by
Ram, Sreenivas and Subramaniam (1996). The authors described two PSA methods and
applied them to the job shop and travelling salesman problems, using a network of 18 SUN
workstations. Both methods were composed of two phases. The second phase of each
method consisted of an independent search process, which was the same for both methods.
In the first phase of the first approach, the search threads started from different initial
solutions, performed a number of iterations and exchanged their respective best solutions;
all threads then restarted from the overall best solution. In the first phase of the second
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method, a genetic method was used to obtain a population of good solutions that was then
used to initiate the independent search phase of the method. The results tended to show
that given a fixed time for the first phase, the quality of the solution determined by the
GA decreased as the problem size increased. When more time was allocated to the GA
phase, the overhead of the parallel method became too high. Moreover, when the number
of processors was increased, the number of good solutions in the population was less than
the number of processors, hence some were initialized with “bad” solutions. Other GA-SA
hybrids have been proposed by Sirag and Weisser (1987), Brown, Huntley and Spillane
(1989), Lin, Kao and Hsu (1991), Boseniuk and Ebeling (1987), Goldberg (1990), 1988 and
1991) and Varanelli and Cohoon (1995)).

An innovative approach to developing PSA methods has been proposed by Fleischer
(1996; see also Fleischer and Jacobson, 1996). The author made use of the control theory
to devise a negative feedback mechanism to control the modifications to the temperature
parameter and thus to the transition probabilities. The mechanism is based on probabilistic
information regarding the quality of the current solutions as evaluated by two or more SA
procedures that proceed concurrently and synchronously. These ideas were tested on the
independent set and vertex cover problems with encouraging results. It is noteworthy
that this approach does not adversely impact the convergence properties of the simulating
annealing method.

5.3 GRASP

A Type 3 parallelization for GRASP is proposed by Pardalos, Pitsoulis and Resende (1995)
for the QAP. It is an independent thread method implemented on a Kendal Square KRS-1
with 128 processors, 64 of which were used in the experiment. An excellent average speed-up
(62) was reported.

5.4 Tabu Search

Type 3 parallelizations for tabu search methods follow the same basic pattern: p threads
search through the same solution space, starting from possibly different initial solutions
and using possibly different tabu search strategies. In their taxonomy, Crainic, Toulouse
and Gendreau (1996) identify these various possibilities as Single (initial) Point Different
Strategies (SPDS), Multiple Point Single Strategy (MPSS), and Multiple Point Different
Strategies (MPDS). The search threads may proceed in a totally independent fashion, the
best solution being identified at the end. These strategies are identified as independent mul-
tithread methods. When information is exchanged among tabu threads, the so-called coop-
erative multithread methods, synchronous communications have been mainly implemented.
Asynchronous procedures are, however, increasingly being developed. Consequently, one
observes an increased awareness of the issues related to the definition and modelling of
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cooperation.

Battiti and Tecchiolli (1992) used the QAP to present a tabu search with a hashing
procedure used to cause the search to react to the detection of cycles by suitably modifying
the length of the tabu lists. The authors then analyzed a parallelization scheme where
several independent search processes started the exploration of the domain from different,
randomly generated, initial configurations. The authors then proceeded to derive probabil-
ity formulas for the success of the global search that tended to show that the independent
search parallelization scheme was efficient — the probability of success increased, while the
average success time decreased with the number of processors — provided the tabu procedure
did not cycle.

Taillard also studied parallelization strategies that perform many independent searches,
each starting with different initial solutions. The main study is found in his paper on
parallel tabu methods for job shop scheduling problems (Taillard, 1994). For this type
of problem, Taillard showed that a tabu search approach, which includes a diversification
phase, is very competitive. It is simpler to implement and generally more efficient than ei-
ther the simulated annealing or the shifting bottleneck procedures (the two best heuristics
proposed at the time). It helped establish new best known solutions for every problem in
two sets of benchmark problems, while optimally solving random problems with m machines
< n jobs (e.g., m = 5, n = 2000) in polynomial mean time. Several parallelization ideas
focussing on speeding up computations related to the neighbourhood evaluation (Type 1
parallelism) did not yield good results, either because the available computing platforms
(a ring of transputers and a 2-processor Cray computer) were not suitable for the imple-
mentations, or because the communication times were much higher than the computation
ones. Taillard then proceeded to examine the theoretical bases of the independent multi-
thread parallelization approach for “random” iterative algorithms (tabu search, simulated
annealing, etc.). His results showed that the conditions needed for the parallel approach
to be “better” than the sequential one are rather strong, where “better” was defined as
the probability of the parallel algorithm achieving success with respect to some condition
(in terms of optimality or near-optimality) by time ¢ being higher than the corresponding
probability of the sequential algorithm by time pt. However, the author also mentioned
that, in many cases, the empirical probability function of iterative algorithms was not very
far from an exponential one and that the independent multithread parallelization approach
is very efficient. The results for the job shop problem seem to justify this claim.

Rego and Roucairol (1996) proposed a tabu search approach for the VRP based on
ejection chains, and implemented an independent multithread parallel version where each
thread used a different set of parameter settings but started from the same solution. The
method was implemented in a master-slave setting, where each slave executed a complete
sequential tabu search. The master gathered the solutions found by the threads, selected
the overall best, and reinitialized the threads for a new search. Low-level (Type 1) par-
allelism was used to accelerate the move evaluations of the individual searches, as well as
a post-optimization phase. Experiments were conducted on a network of four SUNSparc
workstations and showed the method to be competitive on a set of standard VRP problems
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(Christofides, Mingozzi, and Toth, 1979).

Malek et al. (1989) implemented and compared serial and parallel simulated annealing
and tabu search algorithms for the travelling salesman problem. The authors reported
that the parallel tabu search implementation outperformed the serial one, and consistently
produced comparable or better results than sequential or parallel simulated annealing. The
parallel experiments were performed on a 10-processor Sequent Balance 8000 computer, for
the 25, 33, 42, 57 and 100-city problems with proven optimum solution, and for the 50
and 75-city problems where only best-know solutions are available. The implementation
proceeded with one main process and four child processes. Each child process ran a serial
tabu search algorithm with different tabu conditions and parameters. The child processes
were stopped after a specified time interval, the solutions were compared, and bad areas
of solution space were eliminated. The child processes were then restarted with a good
solution and an empty tabu list. Note that, in order to strictly implement this strategy, the
diversification long-term memory function was disabled.

De Falco et al. (1994) and De Falco, Del Balio and Tarantino (1995) studied the QAP
and the mapping problem, respectively, and experimented on transputer networks (with
16, 32 and 64 processors), a MAsPAr MPP-1 SIMD computer, and a Convex Meta Series
MIMD machine. They implemented a multithread strategy, where the best solutions from
individual processes were exchanged at each iteration among their neighbours. At each
iteration, each process performed a local search from its best solution. Then, processes
synchronized and the neighbours exchanged their respective best solutions; local best solu-
tions were replaced with imported ones only if the latter solutions were better. The authors
indicated that they obtained better solutions when cooperation was included compared to
an independent thread strategy. Superlinear speed-ups were reported.

A continuously increasing number of asynchronous cooperative multithread search meth-
ods is being proposed. All such developments we have identified, use a central memory for
inter-thread communications. Each individual search thread starts from a different initial
solution and generally follows a different search strategy. Exchanges are asynchronously
performed and proceed through the central memory.

As far as we can tell, Crainic, Toulouse and Gendreau (1997) proposed the first such
strategy for tabu search as part of their taxonomy of parallel TS methods. The authors
also presented a thorough comparison of various parallelization strategies based on this
taxonomy (Crainic, Toulouse and Gendreau, 1995 and 1995a). The authors implemented
several Type 1 and 2 strategies, one independent multithread approach, and a number of
synchronous and asynchronous cooperative multithread methods. The multicommodity lo-
cation problem with balancing requirements was used for the experimentation conducted
on a l6-transputer network. The authors report that the parallel versions achieved better
quality solutions than the sequential TS and that, in general, asynchronous methods out-
performed synchronous ones. The independent threads and the asynchronous cooperative
approaches offered the best performances.
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An interesting approach to the development of Type 3 cooperative multithread paral-
lel tabu search methods is based on adaptive memory ideas (see Section 4). It has been
particularly used for real-time routing and vehicle dispatching problems (Gendreau et al.,
1996), as well as for VRP with time window restrictions (Taillard et al., 1995; Badeau
et al., 1995). A general implementation framework would have each thread construct an
initial solution and improve it through a tabu search or any other procedure. Each thread
deposits the routes of its improved solution in the adaptive memory. It then constructs a
new initial solution out of the routes in the adaptive memory, improves it, communicates
its routes to the adaptive memory, and so on. A “central” process manages the adaptive
memory and ensures communication among the independent threads. It also determines
when the procedure stops based on the number of calls to the adaptive memory, the number
of successive calls without improving the best solution, or a time limit. In an interesting
development, Gendreau et al. (1996) also exploited parallelism within each search thread:
the set of routes was decomposed along the lines proposed in Taillard’s work (1993). Very
interesting performances have been observed on a network of workstations, especially when
the number of processors is increased.

Crainic and Gendreau (1997) proposed a cooperative multithread PTS for the fixed cost,
capacitated, multicommodity network design problem. The individual tabu search threads
differ in their initial solution and parameter settings. Communications are performed asyn-
chronously through a central memory device (blackboard implementation). The authors
compared five strategies to retrieve a solution from the pool when requested by an indi-
vidual TS thread. The strategy that always returns the overall best solution displayed the
best performances when few (4) processors were used. When the number of processors in-
creased, a probabilistic procedure, based on the rank of the solution in the pool, appeared
to be best. The parallel procedure improved the quality of the solution and required less
computing time compared to the sequential version, particularly for large problems with
many commodities (results for problems with up to 700 design arcs and 400 commodities
are reported). The experimental results have also emphasized the need for the individual
threads to proceed unhindered for some time (e.g., the first diversification move) before
initiating exchanges of solutions. This ensures that local search histories can be established
and good solutions can be found to establish the central memory as an elite candidate set.
On the other hand, early and frequent communications yielded a totally random search that
proved to be quite ineffective. The authors finally reported that the cooperative multithread
procedure also outperformed an independent search strategy that uses the same search pa-
rameters and starts from the same initial points. Other implementations of asynchronous
cooperative multithread PTS methods were presented by Andreatta and Ribeiro (1994)
and Aiex et al. (1996; see also Martins, Ribeiro, and Rodriguez, 1996) for the problem of
partitioning integrated circuits for logical testing.

Crainic and Gendreau (1997a) report the development of a hybrid combining their
cooperative multithread PTS method with a genetic engine. The GA initiates its population
with the first elements of the central memory of the PTS. Asynchronous migration (rate =
1) subsequently transfers the best solution of the GA to the PTS, and other solutions of the
pool towards the GA. The hybrid appears to perform well, especially on larger problems
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where the best solutions known are improved. It is noteworthy that the GA alone was not
performing well and that it was the parallel TS procedure that identified the best results
once the genetic method contributed to the quality of the central memory.

Multithread parallelization thus appears to offer very interesting perspectives for meta-
heuristics. However, several issues remain to be addressed.

Synchronous implementations, where information is exchanged at regular intervals have
been reported for the three classes of metaheuristics examined in this paper. In general,
these implementations outperform the serial methods in solution quality. For tabu search
(Crainic, Toulouse and Gendreau, 1995) and simulated annealing (Graffigne, 1992) syn-
chronous cooperative methods appear to be outperformed, however, by independent search
procedures. Yet, the study by Lee and Lee (1992a) reversed this trend. Their results show
the independent thread approach to be outperformed by two strategies of synchronous co-
operating parallel threads. This points to interesting research issues which should be further
investigated since Lee and Lee used a dynamically adjusted synchronization interval that
modified the traditional synchronous parallelism paradigm. This is also the case for genetic
algorithms: Cohoon et al. (1987) and Cohoon, Martin and Richards (1991a, 1991b) re-
port that parallel search with migration operators applied at regular intervals outperform
the same method without migration. Asynchronous cooperative multiple search strategies
appear to have been less studied. Our group has undertaken the study of distributed mul-
tithread tabu search methods (Crainic, Toulouse and Gendreau, 1995, 1996). The results,
which are already available, seem to indicate that these approaches offer better results than
synchronous and independent searches, but more theoretical and empirical work is still
required.

An important issue that is beginning to be acknowledged in the parallel metaheuristic
community, concerns the definition of cooperation schemes and their impact on the search
behaviour and performance. A number of basic communication issues in designing multi-
thread parallel metaheuristics are discussed by Toulouse, Crainic and Gendreau (1996). A
more thorough analysis tends to show (Toulouse, Crainic and Sansé, 1997a, 1997b) that
cooperative parallel metaheuristics form dynamic systems and that the evolution of these
systems may be more strongly determined by the cooperation scheme than by the optimiza-
tion process. This points to the urgent need to better understand cooperative procedures
and the impact of communication parameters and design on their behaviour.

6 Conclusions and Perspectives

Metaheuristic parallel search methods, particularly tabu search, simulated annealing and ge-
netic algorithms, were reviewed, classified and examined according not to particular method-
ological characteristics, but following the unifying approach of the level of parallelization.
To our knowledge, it is the first time that such a review has been attempted and, although
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not exclusive, it examined and identified the commonalities among parallel implementations
across the field of metaheuristics.

It thus appears clearly that beyond the often very clever implementations that take
advantage of the particular characteristics of the problem and computer at hand, a relatively
limited number of parallelization strategies have been proposed.

All types of parallelization approaches have their merits and will certainly continue
to be applied when appropriate. One may identify, however, a rather clear trend in the
development of such methodologies: from low-level parallelization of computing-intensive
tasks, to domain decomposition, to multithread methods where several searches explore the
problem space concurrently.

Multithread approaches are increasingly proving their worth. These methods allow to
increase the variety of the search threads. Not only by a more efficient implementation of
restarting strategies, but more particularly by the possibility of having different types of
searches — same method with different parameter settings or even different metaheuristic
and exact searches — proceeding concurrently. Thus, a more thorough exploration of the
solution space of a given problem instance may be obtained. As an additional benefit,
multithread methods appear more robust than their sequential counterparts relative to the
differences in problem types and characteristics. Such approaches also offer a relatively
easy way of harnessing the power of the networks of workstations present in most firms
and organizations. It is our belief that the field of multithread parallel metaheuristics,
and particularly, cooperative methods, will continue to grow and offer exciting research
possibilities.

Of prime importance are the issues related to the definition, understanding and control
of cooperation. We have barely begun to explore this field and we realize that cooperative
parallelism sometimes obeys laws that we do not fully comprehend, and that the parallel
search we build may evolve by following its own dynamics and not according to our opti-
mization goals. We need a better understanding of these dynamics and of the related global
search behaviour of cooperative search, of the impact of the various design parameters on
this behaviour, and of the means available to control the search trajectory. A few research
efforts have been initiated, but the field is still largely unexplored.

An interesting research issue, which has been addressed by the GA and SA communities
but has been largely neglected regarding tabu search, concerns the search properties of the
parallel method, particularly cooperative ones, with respect to the basic hypotheses of
the methodology. Thus, there has been little research dedicated to the study of parallel
TS viewed as one “meta” tabu search method: How do we recreate global memories out
of the individual recollections of the individual threads? How do we direct the parallel
process into intensification and diversification phases? How do we make the most of the
information being exchanged and thus turn the communication search overhead into an
improving factor? etc. (With respect to this last question, it is worth remembering that
the exchanged solutions form a type of elite “population”.) By addressing these issues, one
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may not only improve the overall performance of the parallel TS procedure, but also achieve
a better understanding of the cooperation process.

Hybrid methods appear to offer very interesting perspectives. They may dramatically
improve the performance of some metaheuristics, even in their sequential version. We
witness increasingly ideas of one methodology (e.g., GA) being used in another area (e.g.,
SA). We believe this holds a promising future. Similarly, the cooperation among search
threads of different types of metaheuristics or exact searches (e.g., branch-and-bound and
tabu search in parallel) opens up attractive perspectives.

Finally, here a are a few other preoccupations and promising research questions related
to parallel metaheuristics: respect to cooperative search procedures. One does not always
compare the parallel procedure to the appropriate sequential one, which results in sometimes
inaccurate speed-up claims. (ii) More comparisons among different types of metaheuristics
are needed. (iii) More attention should be paid when designing parallel procedures for the
load balancing issue. This is especially relevant for Type 1 and 2 implementation where
“slave” processors may easily become idle and work for very different spans. (iv) Software
libraries of parallel procedures and test problems should be built. These already exist or
are being undertaken for some problem classes and mainly for sequential methods. Their
existence for parallel procedures would greatly enhance our ability to construct new proce-
dures and to evaluate and compare existing ones more thoroughly. (v) Ant colony systems
are “naturally” parallel procedures but true parallelizations have yet to be attempted.

Thus parallel computation appears to be a most-promising research and development
area for metaheuristics. It already efficiently addresses large instances of complex problems
and holds great promises for the future. Many questions and challenges still exist but, as
this review shows, a more unified view of parallel metaheuristics may significantly help to
address them.
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