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Motivation: The Real Problem

2D-Phase Unwrapping

In order to illustrate the importance of phase in signal processing,
Oppenheim and Lim proposed an experiment:

Through the 2D discrete Fourrier transform (DFT),
decompose an image into its sine and cosine component
This separates the complex spectrum into a magnitude and a
phase value for each pixel.
The output of the transformation represents the image in the
frequency domain, while the input image is the spatial domain
equivalent.
In the Fourrier domain image, each pixel represents a particular
frequency contained in the spatial domain.
This technique is used in a wide range of applications: image
analysis, image filtering and image reconstruction
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Motivation: The Real Problem

2D-Phase Unwrapping

This process induces an inherent difficulty:

Since the phase ranges within 0 and 2.π a discontinuity arises
every time it passes through this point, wrapping the image.
.
ITOH, K., Analysis of the phase unwrapping algorithm,
Applied Optics, v.21, n.14, p. 2470-2470, 1982
.
Showed that for an efficient phase unwrapping, any two
adjacent samples in the continuous phase absolute phase
difference signal cannot exceed the value of π
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Motivation: The Real Problem

Itoh condition: |∆φn | ≤ π
The linear difference between adjacent samples can be defined as:

∆φn = φn − φn−1, (1)

Thus
m∑
n=1

∆φn = φm − φ0, (2)

Leading to:

∆W (φn) = (φn + 2πkn)− (φn−1 + 2πkn−1) (3)

∆W (φn) = φn − φn−1 − 2π(kn − kn−1). (4)



2DPhase Unwrapping Problem (2DPU) via Minimum Spanning Forest with Balance Constraints

Motivation: The Real Problem

Figure: Wrapping effect on a 1D continuous phase signal.
(a) Continuous signal
(b) Wrapped signal.
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Motivation: The Real Problem

Figure: Wrapping effect on a 2D phase image.
(a) Absolute phase image
(b) Wrapped phase image.
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Motivation: The Real Problem

Itoh’s Unwrapping Method for Discretized Phase:

InputWrapped phase values, ψ(n)

OutputUnwrapped phase values φ(n)

Initialization: φ(1) = ψ(1);

Fori← 2 To N

∆ψ ← ψ(i)− ψ(i− 1);
IF ∆ψ ≤ −π

∆ψ ← ∆ψ + 2π

ELSEIF ∆ψ > π

∆ψ ← ∆ψ − 2π;

φ(i)← φ(i− 1) + ∆ψ;
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Motivation: The Real Problem

Figure: Unwrapping process by the Itoh’s method for 1D Phase
Unwrapping, returning the wrapped phase signal to its original
continuous form.
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Motivation: The Real Problem

Figure: Unwrapping process over under-sampled data
(a) The continuous phase signal under-sampled.
(b) The wrapped under-sampled phase signal.
(c) The unwrapping obtained by the Itoh algorithm.
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Residue Theory and 2D Phase Unwrapping

Itoh’s can be applied to any continuous integration path

Every integration path P can constitute a discrete unwrapping path over
any multidimensional space.

In more than 1D integration paths can be selected

Paths are select to avoid damaged regions (noise, under-sampling)
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Residue Theory and 2D Phase Unwrapping

Figure: 2D Wrapped phase data examples.
(a) Example A with no singularities present.
(b) Example B under-sampled.
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Residue Theory and 2D Phase Unwrapping

Figure: Unwrapped values from Example A showing no path dependency.
(a) Unwrapped values obtained by the clockwise integration path. (b)
Unwrapped values obtained by the counterclockwise integration path.
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Residue Theory and 2D Phase Unwrapping

Figure: Unwrapped values from Example B, showing the occurrence of
path dependency.
(a) Unwrapped values obtained by the clockwise integration path.
(b) Unwrapped values obtained by the counterclockwise integration path.
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Residue Theory and 2D Phase Unwrapping

The location of all residues can be identified by checking all 2x2
elementary loops (Ghiglia & Pritt, 1998)

Residues charges (polarity) are either positive (+1) or negative (-1)

When residues are present unwrapping is possible if, and only if, every
integration path encircles none or a balanced number of residue charges.
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Residue Theory and 2D Phase Unwrapping

GOLDSTEIN, R. M.; ZEBKER, H. A. ; WERNER, C. L. Satellite radar
interferometry: Two-dimensional phase unwrapping, Radio science, v.23,
n.4, p. 713-720, 1988.

Path-following algorithms

Directly applies the line integration schemes
Assumes Itoh condition must hold along every integration path
Whenever this condition is not met, different integration paths
may lead to different unwrapped solutions: path dependency
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Residue Theory and 2D Phase Unwrapping

Minimum norm methods

Based on the idea that the difference between absolute phase
values among neighbour samples are equal to the wrapped
differences of their correspondent wrapped phase values.
Finds a phase solution for which the Lp norm of the gap
between these differences is minimized.
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Residue Theory and 2D Phase Unwrapping

Figure: Example of residues and possible branch-cuts configurations.
(a) First branch-cut configuration, creating an isolated region.
(b) Minimum length branch-cuts configuration.
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Residue Theory and 2D Phase Unwrapping

Figure: Another example of residues and possible branch-cuts
configurations.
(a) Minimum length pair connections between positive and negative
residues.
(b) Minimum length pair connection between balanced components.
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Residue Theory and 2D Phase Unwrapping

Goldstein et al.: Classic path-following algorithm

Effective at generating short length branch-cuts in an
extremely fast way
Main idea: connect nearby residues with branch cuts until
every component of connected residues becomes balanced
The cuts are generated by approximatively minimising the sum
of the cut lengths
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Residue Theory and 2D Phase Unwrapping

Minimum-cost matching algorithms

BUCKLAND, J.; HUNTLEY, J. ; TURNER, S., Unwrapping noisy phase
maps by use of a minimum-cost-matching algorithm, Applied Optics,
v.34, n.23, p. 5100-5108, 1995

Minimum-cost matching algorithm: solves the
path-dependency problem by creating branch-cuts between
close pairs of positive and negative residues
Treats the minimization of the branchcuts lengths as a global
optimization problem
Models the problem as a minimum cost matching between
vertices in a bipartite graph.
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A New Model

Minimum Spanning Forest with Balance Constraints (MSFBC)

Part of the family of path-following methods
Goal: Find an optimal branch-cut configuration which
eliminates the path dependency problem
Seeks for a minimum cost spanning forest which balances
positive and negative residues in each tree
A tree is balanced when connects an equal number of positive
and negative residues or it contains a border point in its vertex
set



2DPhase Unwrapping Problem (2DPU) via Minimum Spanning Forest with Balance Constraints

A New Model

Problem formulation

Let G = (V,E) be the graph where the vertex set V = (R ∪ B)
represents the union between the sets of residues R and border
points B, where pr ∈ {-1,1} denoting the polarity for every
residue r ∈ R, B = {br, for every r ∈ R}, E = (ER ∪ EB)
where ER = {(i,j),
i,j ∈ R, i 6= j} and EB = {(r,br), r ∈ R, br ∈ B}, de is the
cost (distance) of edge e ∈ E and xe is the decision variable
indicating whether edge e should be part of the solution.
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A New Model

Problem formulation

The undirected formulation for the MSFBC:

min
∑
e∈E

dexe s.t. (5)

∑
e∈δ(S)

xe ≥ 1, ∀S ⊂ V, s.t.
∑
v∈S

pv 6= 0 (6)

xe ∈ {0, 1}, ∀e ∈ E, (7)
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A New Model

Problem formulation

The directed formulation for the MSFBC:

min
∑
e∈E

dexe s.t. (8)

∑
a∈δ+(S)

xa ≥ 1, ∀S ⊂ R, s.t.
∑
v∈S

pv > 0 (9)

∑
a∈δ−(S)

xa ≥ 1, ∀S ⊂ R, s.t.
∑
v∈S

pv < 0 (10)

xa + xa′ ≤ 1, ∀a = (i, j), a′ = (j, i) ∈ ER (11)

xa ∈ {0, 1},∀a ∈ E (12)
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A New Model

Approaches to the MSFBC

Solving the Minimum Spanning Forest with Balance Constraints
(MSFBC)

Primal Heuristics - Iterated Local Search (ILS)
Tree Operations

Relocate (residue), Relocate-C (pairs of residues)
Swap (residue), Swap-C (pairs of residues)
Merge, Break (connects of disconnect 1 edge)
Break-1-Insert-1: Computes MST over all vertices of two trees
then breaks removing the largest edge

Dual Heuristics

Dual Ascent: Selects connected components until they
become balanced
Selection: Greedy and Random
Reverse delete step to generate primal solution
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A New Model

Approaches to the MSFBC

Solving the Minimum Spanning Forest with Balance Constraints
(MSFBC)

Exact Algorithm

Branch-and-cut over the directed formulation
Uses primal bounds and dual bound to fix by reduced cost

Linear Relaxation

Accelerates cut separation by testing whether connect
components considering all edges with positive value are
balanced
Solves Max-Cut for all pairs
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Model Evaluation

Does a solution with a smaller value for the MSFBC implies a better
unwrapping ?

This means that it is possible to connect the residues in order
to connect them with
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Model Evaluation

Figure: Head. (a) Goldstein (b) Matching (c) MSFBC
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Model Evaluation

Figure: Long (a) Goldstein (b) Matching (c) MSFBC
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Model Evaluation

Figure: Long (a) Goldstein (b) Matching (c) MSFBC
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Results and Conclusions

Instances

MSFBC - How good are we ?

Preliminary Tests on Random Instances

Equal number of positive and negative residues
Report on instance from 20 pairs to 128 pairs (40 to 256
vertices)
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Results and Conclusions

Primal Heuristics Results
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Results and Conclusions

Branch and Cut Results
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Results and Conclusions

Branch and Cut Results
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Results and Conclusions

Conclusions

2D-unwrapping, a challenging problem, was addressed

a New Model was proposed

Experiments showed that the new model MSFBC better
captures the essence of unwrapping, at least in 2D.
For quite a few examples, less valued solutions implied in
better unwrappings

A Generalization of the Classical Steiner Problem in Graphs was
described.

The MSFBC appears as an interesting problem to study, already with a
critical application in many areas, including oil and gas.



2DPhase Unwrapping Problem (2DPU) via Minimum Spanning Forest with Balance Constraints

Results and Conclusions

Conclusions

2D-unwrapping, a challenging problem, was addressed

a New Model was proposed

Experiments showed that the new model MSFBC better
captures the essence of unwrapping, at least in 2D.
For quite a few examples, less valued solutions implied in
better unwrappings

A Generalization of the Classical Steiner Problem in Graphs was
described.

The MSFBC appears as an interesting problem to study, already with a
critical application in many areas, including oil and gas.



2DPhase Unwrapping Problem (2DPU) via Minimum Spanning Forest with Balance Constraints

Results and Conclusions

Conclusions

2D-unwrapping, a challenging problem, was addressed

a New Model was proposed

Experiments showed that the new model MSFBC better
captures the essence of unwrapping, at least in 2D.
For quite a few examples, less valued solutions implied in
better unwrappings

A Generalization of the Classical Steiner Problem in Graphs was
described.

The MSFBC appears as an interesting problem to study, already with a
critical application in many areas, including oil and gas.



2DPhase Unwrapping Problem (2DPU) via Minimum Spanning Forest with Balance Constraints

Results and Conclusions

Future Work

Resolution Methodology

More carefully tailored instances
More tests of the proposed models and algorithms
Test a Column Generation formulation: contrary to the SPG
the MSFBC has a natural decomposition

Applications

The MSFBC naturally models 3D-unwrapping: testing and
exploring its capabilities may lead to improvements in the
state-of-the-art, specially for Oil and Gas
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Results and Conclusions

Merci!


	Motivation: The Real Problem
	Residue Theory and 2D Phase Unwrapping
	A New Model
	Problem formulation
	Approaches to the MSFBC

	Model Evaluation
	Results and Conclusions

